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PREFACE 


The increased emphasis which engineers must give to noise elimination 
has indicated the desirability of including a fundamental discussion of 
the engineering aspects of this subject. Accordingly, a chapter on sound 
and its (mgincering applications has been included in the second edition 
of this book. Since beams are a v(uy common structural element, they 
have been given additional empha,sis by the pn^vious material being com- 
bined with new matc'rial and presented as a separate chapter. 

A number of changes and some additions have been made to clarify 
presentation and to cornn^t errors. The many suggestions made by 
users of the book have been carefully considered and incorporated into 
this revision whenever possible. The new material has been included 
in later chapters so that those who have found the previous edition adapt- 
able to their methods of presentation will need to make only minor re- 
arrangements of their course material. 

We are grateful to our many colleagues and students who have used 
the first edition and have made suggestions and pointed out errors. We 
hope they will continue to make suggestions in the futun^ 

C. R. Fueberg 
E. N. Kemleu 

February^ 




PREFACE TO FIRST EDITION 


It is ilic purpose of this book to discuss in detail the mon^ elementary 
phases of vibrations and reduce them to a form in which they can l)e 
applied to practical probk^ms. Althouj>;h tlu'n' are many problems in 
th(^ fu'ld of vibration which can be solved only by using the metliods of 
advanced mathematics, tlunn ani also many f)roblems which can be 
soIvchI by using the simpler forms of differential equations, the approxi- 
mate methods dc'veloped, or th(‘ mobility method. These methods of 
solution can be mast(u*ed by engineers and students without training in 
advanced mathematics. The more common probkans requiring only 
these simple methods includes isolation of equipment and determination 
of natural frequenci(‘s of a great many diff(u*('nt types of sysUnns. 

Th(‘ text mahnial has Ikm^ii k(q)t as siinpk‘ as })ossible and examples 
hav(' b(H;n included to illustrate the nu'thods, units, and application of 
the formulas developc'd. Problems from those involving direct substi- 
tution to those r(‘quiring difficult dei‘ivations have bt‘en included to peu- 
mit th(‘ instructor to adapt the course to the degree of difficulty desired. 

The mobility method has be(^i introduced. The method offers a 
relativ(‘ly simple means of determining th(.‘ behavior of systems of 
sevc'ral degrees of freedom. Systems with non-liiK'ar si)rings, self- 
induced vibrations, solid friction, etc., hav(^ not b(‘(‘n consid(‘red. Theses 
and otluT less freciuenlly used topics are discussc^d in the literature^ and 
in s(W(‘ral of the t.rc'atises on vibrations. 

Tlu^ student sliould familiarize himself with such (^xc(‘lk‘nt> treatise's 
as those^ by Timoshenko,^* Den llartog,- Wilson,^ and Kimball.'^ The 
bibliography gives many references to some of the useful articles on 
vibration. The authors have' undoubte^lly been influence'd by the above' 
treatise^s and by the many excellent articks on the subject. Specific 
acknowledgments have been made where the material has be^en consci- 
entiously used. 

The authors are grateful to their colleagues and students who have 
made suggestions during the preparation of this material. They par- 
ticularly wish to acknowdedge the helpful suggestions made by Dean 
A. A. Potter and Mr. Nicholas Kulik of Purdue University, Professor 
E. L. Midgette of the Polytechnic Institute of Br(x)klyn, and the 

* These numbers refer to the bibliography at the end of the book. 

vii 



J PREFACE TO FIRST EDIT JOS 


viii 

reviewers of the manuscript. They are indebkjd to Mr. G. F. Norden- 
holt, editor of Prodvd Engineeringj for permission to use some of th(' 
material appearing in (Chapters VI, VII, and VITI. Acknowledgment 
has been inad(‘ in tlu^ h^xt to manufacturers for illustral-ions of vibration 
isolation and engineei-ing data. The authors arc^ grateful for tb (5 assist- 
ance given by Virginia D, Freberg and Doris M. Kcmiler during the 
preparation of the rnaniiscrij)t and handling of th(‘ proof. 

C. R. Fukberg 
E. N. Kemuer 

June, 194s 
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A Area, a constant 
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B A constant 
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e Natural logarithmic base — 2.7183 
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/ Frequency of harmonic motion 

G Shear modulus of elasticity Ib/in." 

g Acceleration due to gravity = 38b in./sec^ 

I Mass moment of inertia in in .-lb-sec^ 

I Se ction al moment of inert iii in in."^ 

i — I 

I Current in amperes 

J l^olar moment of inertia in in.'* 

KE Kinetic energy in in.-U) , 
k Linear spring constant in ll)/in. 

ki Torsional si)ring constant in Ib/in. 

L Length 

L Inductance in henrys 

M Moment of force, bending moment in in.-lb 

m Mass in lb-sec‘^/in. 

N Revolutions per minute (rpm) 

n Any number 
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PE Potential energy in in.-lb 

p Pressure per unit area in Ib/in. “ 

Q Charge in coulombs 

R Radius in inches 

R Resistance in ohms 

r Linear damping constant in Ib-sec/in. 

ft Torsional damping constant in in.-lb-sec/radian 

s Stress in Ib/in. ^ 

S Surface area 

a Sound absorption coefficient 

r Sound transmission coefficient 
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CHAPTER I 


INTRODUCTION 

1*1. Engineering Applications of Vibrations. Vibration problems 
occur in every branc^h of engineering. Wheix'ver there is moving or 
rotating machinery, vibrations as a result of the unbalanced forces may 
be induced in parts of the machinery its(‘lf or in adjoining equipment oi 
structures. Many types of vibration occurring in nature also affect 
engineering structures or equipment. Earthquakes, for example, cause 
vibrations affecting buildings primarily, although many other engineer- 
ing structures such as dams or pipe lines may be damaged. Ocean 
waves affecting the motion of ships are undc'sirable bec^ause of their 
effect on human comfort. When they become largo they also endanger 
the safety and effi(*ieiicy of the ship. Wind may produce vibrations 
which damage such engineering structures as icy transmission and tele- 
phone lines or suspension V)ridges.^ 

Vibrations may result in the failure of machinery i)arts. Examples of 
such failure can be found in crankshafts of automobiles or airplane 
engines,^ propeller shafts in boats, wing flutter in airplanes,^' and front 
wheel shimmy in automobiles.^^ Vibrations cause loss of efficicmcy and 
may also result in objectionable noise or motion. Some examples are 
vibrations in engine manifolds which may affect the i)erformance of an 
engine, shaking of floors or supports, nois(^ from th(^ exhaust of engines, 
or rough riding of automobiles because of improper support. Continued 
vibrations in machinery may cause excessive^ wear and loosening of parts 
to a degi'ee that will interfere with the proper operation of the equipment. 
Delicate instruments must be protected from vibrations if they are to 
operate satisfactorily. 

Such objectionable vibrations, if properly analyzed, can frequently be 
eliminated, or the resultant vibration can be reduced to the point where 
it is no longer objectionable. Vibrating machinery can be isolated, sup- 
ports to transmit a minimum of energy can be installed, shock absorbers 
can be installed, mufflers or screens can be used to eliminate noise, or 
the cause of the troublesome vibration may in a few cases be eliminated 
by proper analysis. 

* These numbers refer to the bibliography at the end of the book. 
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Frequently vibrations are desirable so that as much time may be spent 
in getting the required vibration as in eliminating an undesirable vibra- 
tion. Evc^ry musical instrument involves vibration production ; shakers 
for sorting or screening materials require vi})rations; electric, clippers or 
shavers use a vibrating system to actuate the cutting blade the vibra- 
tion of a cantilever beam is used as the basis of determining speeds in 
the case of the Frahm tachometer; exc'rcising machines frequently em- 
ploy some vibration devi(*(^; and som(^ types of fatigue and endurance 
testing eciuipment use a vibrating sysh'in for })roduciiig the motion.^® 

1'2. Important Definitions. When undertaking the study of a new 
subject, the studcmt is confronhHl with new teiTninology. The under- 
standing of the material in the text is facilitated if the meaning of these 
new terms is made known early. The following list of definitions gives 
the meaning of sonu' of the ik'w or frequently used terms which will be 
introduced. 

Vibration. A bod.y, machine element, or mac^hine is said to vibrate 
w^hen it executes a periodic motion about a position of equilibrium. 

Periodic Motion. A periodic motion is one which repeats itself at 
definite intervals of time. 

Simple Harmonic Motion. Simple harmonic motion is the simplest 
type of vibratory motion. It can be defim^d as the projection of point P 
on the diameter (point Q in Fig. 1 *1) as P moves around the circle with 

uniform angular velocity. The distance 
of Q from the midpoint of its path is 
shown as x = OQ. It can be written that 

X — OQ = r cos 6 

If the point P is rotating about the 
point 0 at some constant angular veloc- 
ity CO, the angle d at any time t is 

0 = o)t 

so that we can write 
Fig. 11 . X = r cos o)t 

The velocity of tiui projei^tion, obtain(‘d by taking the derivative of 
the displacement, is 

dx 

V = -7 = — rco sin o)t 
dt 

Likewise the acceleration can be found as 



U.C/ 2 

a = = — rco cos coj 

dt 
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If it is desirable, x may be substituted for (r cbs oit) in this expression to 
give 

a = —xoi 


llie acceleration is then seen to Im' proportional to tlie distance x that 
the point Q is displaced from the center of its path. Simple harmonic 
motion is freqiuiiitly defined as motion where the acceleration is pro- 
portional to the displacement from the midpoint of the motion and is 
always direct'd towajd tliat point. 

Frequeticy. Tlie frequency of a motion is tlie number of times the 
motion r(‘peats itself per unit of time. 

Free Vibratioti. Fn^e vibration is tliat periodic* motion which takc's 
place when an elastic systc'in is displac(‘d from its ecjuilibriuin position 
and released. In this case the forces acting on the system after its rc^lease 
are dependent only on the motion of the system. 

Forced Vibrations. When the vibration results from the application 
of an external pc'riodic force it is (tailed a forced vibration. 

Transient Conditions. Whenever the forces acting upon a djmamic 
system change, there is a change in the motion of that system. Any 
phenomena which occur during the time required for iho systcnn to 
adapt its(*lf from one force system to another are called transient phe- 


nomena. 

Steady State Conditions. After any vibrating system has been acted 
upon by a definite for(?e systei|i for a sufficient time, it will follow a 
dchnite cycle of events. When su(;h a time is reached, the system is 
said to be in a steady state condition. 

Natural Frequency. The frequency of a free vibration is called the 
natural frequency of the system. 

Resonance. Wlum a system is acted upon by an external periodic force 
having the same frequency as the natural frequency of the system, the 
amplitude of the system will become very large, and the system is 


said to be in a state of resonance. 

Critical Speed. A critical speed 
exists when the frequenc}^ of the dis- 
turbing force equals or approaches 
the natural frequency. 

Period. The time required for 
the motion to complete one cycle Ls 
called the period. (See Fig. 1 -2.) This 
is the reciprocal of the frequency. 

Amplitude. The amplitude is de- 
fined as the distance from the mean 



Fig. 1-2. 


position to the point of maximum displacement, as indicated in Fig. 1 • 2. 



4 


INTRODUCTION 


Phase A ngle. ■ The arigfe between two rotating vectors or two har- 
monic waves of the same frequency is known as the piiase angle. The 
displacement, velocity, and acceleration in the case of simpk^ harmonic 



motion are functions of sine or cosine and therefore are harmonic func- 
tions. They repeat themselves with a frequency which represents the 
number of times the system goes through all phases of its motion. It 
will be not(Hl from Fig. 1 -3 that the displacenumt, velocity, and ac(‘elera- 
tion all have the same shape curve except that they are displaced with 



respect to time or angle. The velocity curve leads the displacement 
curve by 90^ or ^ cycle, and the acceleration leads the displacement by 
180° or I cycle. This angular displacement between any two harmonic 
waves of the same frequency is the phase angle. 
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Harmonics. Any periodic motion which is not simple harmonic can 
be considered as being a sum of simple harmonic motions of frequencies 
which are multiples of the frequency of the motion. In general any 
periodic motion can be expressed in the form 

a; = Ao + sin + A 2 sin 2o)i H 

+ El cos + B 2 cos 2o)t H 

Figure 1 *4 shows a simple example. 

Rotating Vectors. The motion of point P in Fig. 1*1 can be repre- 
sented by a rotating vector drawn from point 0. A harmonic wave will 



be the projection of this vector on the diameter. The motion resulting 
from the combination of several simple harmonic motions of the same 
frequency can be represented by the sum of the vectors of the individual 
motions as indicated in Fig. 1 • 5. 

Mobility. Mobility can be defined as the ease of motion, or, more 
specifically, the velocity which will result from the application of a unit 
force. 

Damping. When friction is present in a system the resulting vibra- 
tion of the system is called a damped vibration. 

Aperiodic Motion. When the motion takes place in one direction only 
it is called aperiodic motion. This type of motion is encountered when 
critical damping is present. 

Statics. Statics is that part of mechanics dealing with bodies at rest. 
It involves finding the conditions under which a system of forces will 
place the body upon which they act in equilibrium. These conditions 
are fulfilled when two requirements are satisfied, namely, 


SF = 0 
SAf = 0 
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Kinematics, Kinematics is that portion of mechanics dealing with 
the motion of bodies without reference to the forces acting on the body. 

Dynamics. Dynamics is that portion of mechanics that concerns the 
forces set up by reason of a body^s motion. A body that is acted upon 
by an unbalanced applied force system will be given an acceleration pro- 
portional to the unbalanced foi*ce and in the direction of the unbalanc^ed 
force. The solution of problems of dynamics can be made either by sum- 
ming up all the applied forces and equating thc^m to the resulting inertia 
W 

force — a, or by placing on the system the so-called reversed effective 
Q 

IT . . . 

force ™ a in a direction opposite to the acceleration, and then using the 

methods which ap])ly to systems in (^(luilibrium. Jn the following dis- 
cussion the former relation for dynamic* systems is used. This can bo 
written as 



0 


For rotating systems an equivalent relation exists which can be written 
as 

= la 

1'3. Symbols and Units. The application of tlu^ theory to practical 
problems requires that care be given to the use of units and symbols. 
Some of the symbols which have been more commonly used in the text, 
together with the units used, are listed in the front of the book. 

The inch-pound-second system is used in vibration work because of 
the small displacements normally involved. For example, the accelera- 
tion of gravity, is expressed as 386 in./sec^ in vibration problems 
instead of the conventional 32.2 ft ^sec.^ These changes in units become 
very important when practical problems are to be solved. Extreme 
care must be taken in the substitution of values to sec that the proper 
units are used. 



CHAPTER II 


VIBRATIONS WITHOUT DAMPING 

2-1. Introduction. Many engineering vibration prol)lems can be 
repres(‘nted by a simple system consisting of an elastic* member such as 
a spring and a (*oncentrated weight or mass. Such systems requires only 
on(‘ coordinate to describe them, and are called systems of one degree 
of freedom. A characteristic of such systems, which is of particular 
engineering interest, is the natural frequency. The natural frequency 
is the rate at which a system will vibrate if displaced from its equilibrium 
position and released. Since it can be determined easily and often sup- 
plies enough information for solving or understanding many engineering 
vibration problems, it deserves considerable attention. 

Systems of one degree of freedom can be subdivided in several ways. 
One method is to divide them according to the source of energy or force 
(causing a vibration. Such a classification would divide the field into 
free and forced vibrations. A free vibration 
IS one which takes place when a system is dis- 
placed from its equilibrium position and re- 
leased with no further force or energy being 
supplied. The spring and weight shown in 
Fig. 2 • 1 comprise a typical vibration system. 

If the weight is displaced from its equilibrium position as indicated, the 
spring will be placed in tension. If the weight is released, tlui spring force 
will tend to return the weight to its equilibrium position. The energy 
given up by the spring (work done by the spring as it contracts) will cause 
the weight to speed up. (Assume friction to be neglected.) Wheii the 
weight reaches its equilibrium position (unstretched position of spring) 
there will be no force exerted by the spring. Because of its velocity the 
weight will keep moving. As the weight moves past the equilibrium posi- 
tion the spring will be compressed. The energy required to compress the 
spring or the force exerted by the spring will cause the velocity of the 
weight to decrease. When the spring has reached a position such that it 
has absorbed all the energy in the moving weight, the weight will be at 
rest. The compressed spring will then cause the weight to move in the 
reverse direction. As the weight moves back and forth there will be a 

7 
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Fig. 2 1. 
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transfer of energy between the weight and spring. This interchange of 
energy is present in all free vibrations and, as will be seen, can be used 
as the basis for making free vibration calculations. Forced vibrations 
are those which take place when the vibrating system has some external 
pimodic force such as an unbalanced shaking force applied to it. 

Vibration systems may also be divided into ideal systems where there 
is no friction or energy loss and into actual systems where there is always 
some energy dissipation or damping. The ideal systems are mucii easier 
to set up and solve. Since many actual systems have very little damping 
in them, a good approximation of the critical frequency may be made by 
neglecting the damping. This chapter considers only ideal systems 
where no damj)ing is present. It also will bci limited to systems of a 
single degree of freedom. The effect of damping or friction will be con- 
sidered in the following chapter. 


FREE VIBRATIONS OF SPRING AND WEIGHT WITHOUT DAMPING 


2-2. Derivation of the Equation of Motion. One fundamental and 
typical type of vibration problem encountered in engineering work can 
be represented by the fric.tionless spring and weight system shown in 
Fig. 2-1. As indicated previously, such a system will vibrate if it is dis- 
placed from its equilibrium position and released. This can be verified 
mathematically by applying Newton’s equations of motion. 

In most types of vibrating systems there is an elastic member such as 
a spring in which potential energy may be stored. In the type of elastic 
members considered here, the force exerted by 
such members is assumed to be proportional to 
the deformation or deflection of such members. 
The load-deflection diagram of a spring, beam, 
or any other elastic member can be represented 
graphically by a straight line, as indicated in 
Fig. 2 • 2. The relation between this force and 
the displacement is expressed analyti(ially as 
F = kx, where x is the displacement and k is 
the proportionality constant, more commonly 
known as the spring constant. The equation 
of motion for the system shown in Fig. 2*1 can be determined by 
applying the condition of equilibrium 



W 

2F = — a = 

g 


9 df 


which states that the sum of the external forces applied to a body is 
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equal to the product of the mass and the acceleration and that the force 
acts in the direction of the acceleration. Therefore, the spring force 
that is applied to the weight acts in the same direction as the accelera- 
tion of the weight. Since the force is proportional to the displacement, 
the acceleration is proportional to the displacement and is directed 
toward the equilibrium position. This indicates immediately that the 
motion is simple harmonic so that the displacement can be written as 


or 


a: = Xo sin wi 
X — a’o cos o^t 


If, therefore, the motion were plotted against time, the curve indi- 
c*ating displacement would be a sine or cosine wave. It was shown in 
Chapter I that the projection of a vector rotating at constant angular 
velocity moves with simple harmonic motion. The angular position of 
this vector is given by the term where co is the angular velocity of the 
rotating vector. This indicates that one wave or cycle is completed 
when 

= 27 r radians 


The number of cycles per second or natural frequency will be 


/’= 


0 ) 

27r 


To find an expression for the frequency it is necessary to set up a force 
equation. Using Newton’s law, we obtain the following relation: 


ISA’ = -kx = 


jT (fx 
(j dt^ 


[2-1] 


The negative sign indicates that the displacement is opposite tlui ac- 
celeration. A general method for determining the direction of the signs 
in this equation is somewhat more involved.* 

In vibration problems forces are expreased in terms of the displacement and its 
derivatives. Since both the forces and the displacemcmt or its derivatives are v(‘ctor 
quantities both must have proper signs assigned to th(*m. When they are expressed 
in analytical form, it may be difficult to decide whether a sign must assigned or 
is inherent in the term. If a positive sign is assigned to the displacement when it is 
to the right, for example, tlu^ velocity and ace<‘leration will autf)matically be positive 
when they are in that direction. It is also necessary to designate a sign for the forces 
which will be taken as positive in the same direction as positive displacement. A 
spring force will then always bti opposite the displacement and hena^ will be written 
as A friction or damping force proportional to the velocity and opposed to the 
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Equation 2 • 1 may also bo written 


or 


\^(fx 

0 dt^ 


+ Xu- = 0 


, kg 


[ 2 - 2 ] 


"Jliesc equation.s represc^nt the equation of motion for the spring and 
weight system expressed in differential foim. The next step in the prob- 
lem is to obtain a solution of this ecpiation: that is, to find an expression 
which will give the displaccunent of tlu^ weight from its equilibrium 
position as a function of time and the physical properties of the system. 

2*3. Solution of the Differential Equation. The generalised solution 
of vibration problems requires the solving of differential expressions of 
the form of (equation 2-2, called differential equations. The simplest 

dy 


forms of differential ecpiations are such expressions as — = 2, — 

aj dx 




dx 


= f{x). These equations can be solved by direct integration according 
to the methods developed in any book on elementary calculus. A mon^ 
common type of differential equation oc^curring in vibration work has 
the general form 


The form of this (equation is entirely different from those whu^h can be 
solved by direct integration. 

The problem of finding the differential form of an equation correspond- 
ing to a particular mathematical expression is direct and involves only 
diffenaitiatiori and elimination of constants. The inverse problem of 
finding the solution of a differential equation is not direct and cannot be 
determined by any one general method. Any mathematical relation 
which will satisfy the differential equation is a solution. 

The solution of an equation such as 2-3 requires some function which, 
when continually diffei'eiitiated, will not change form. Obviously an 
expression of the foim 

.r - CV"' [2 -4] 


lijC 

velocity will always be written ~r — ; aJitl, .since the inertia force is porportional to 

dt 

the acceleration and in the direction of the acceleration, it will alway.s be written 
TV d^x dx/ d^'X 

+ As X, , or — - (rhange from -|- to ~ » the sign of the force terms will 

g dr dt dr 

automatically change. 
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would satisfy this requirement. If this expression is differentiated, the 
values ar-e 


djr 

dJ 




dh^ 

de 




Substitution of these values in equation 2-3 would give 

or 

dow“ + A,ni + d. - 0 [2-5] 

Equation 2-4 will be a solution of equation 2-3 provided m is selected 
so that equation 2 • 5 becomes zero. If m is a root of the equation this 
condition will be satisfied. It can be shown that either of the two roots 
for m as obtained from equation 2*5 would be a solution of the equation. 
The sum of these two solutions would give the general solution of the 
differential equation. 

A second order differential equation with constant coefficients of the 
general form of equation 2-3 may then be solved by following a definite 
procedure. An auxiliary algebraic equation of the form of equation 2-5 
may be written as 

+ Aim + A 2 == 0 [ 2 - 5 ] 


Solving for the roots of this alg(43raic equation, we obtain 


mi 


~ A 1 + V^Ai^ — AA0A2 


mo 


— A] — V^Ai*" — 4A0A2 

Ia7 


[2-G] 


If vii and m 2 are real, the general solution can be written in the con- 
venient form 


:r = + Coc^^^' 


[2-7] 


If mi and are complex, the roots given by equation 2-0 take the form 


'mi = a + hi [2-8] 

m 2 = a — hi 

where i = \/ — i. 

The solution for the case where the roots are complex can be written 
in the form of equation 2-7 if desired, but this form of the solution is 
not easily applied. It is more useful and easier to write it in the equiva- 
lent trigonometric form. (See any reference on differential equations or 
complex algebra.) 


X = €^^(Ci cos bt + C 2 sin bt) 


[ 2 * 9 ] 
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The steps in the procedure outlined may now be followed to obtain a 
solution to equation 2*2. The auxiliary (Hpiation can be written as 

m2 + ^ = 0 [2-lOJ 

The roots of this auxiliary equation are 

mi = 

ma = 0 + i'y/p 

The solution can now be written in exponential form, but it is more con- 
venient and useful to writer the solution in the trigonometric form of 
equation 2 • 9, Thus the general solution of (Kiuation 2*2 is 

X = A sin sj— t + B cos t [2-11] 

The quantities A and B given in this equation are arbitrary constants 
which take into account the initial conditions under which the vibration 
starts. Their evaluation will be discussed later. 

2*4. Alternative Method of Solving the Differential Equation. A 
simple type of differential equation such as equation 2-2 c^an often be 
solved by inspection and the solution verified by substitution. 
examining equation 2-2, it may be found that the solution must be 
some type of function which when differentiated twice will have th(i 
same form. This is necessary in order that it may be eliminated upon 
substitution in the diffenmtial equation. There an^ twx) typers of func- 
tions that will satisfy such conditions. Th('y are exponential and trigo- 
nometric functions. For example, x = A sin would be one solution 
provided the proper value of w is selected. This can be verified by differ- 
entiation and substitution. Differentiation gives 

dx 

— = +A(jO cos cot 
dt 

. 2 ■ , 

-r5 = —Aw Sin wi 
dr 

If these values are substituted in equation 2 • 2, the result is 
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When this is divided by —^4. sin the result is 

2 ^ 


w 


= 0 


or 


One solution would then be 


^ sin 


It can be seen that 


Ikg 

W 

[2-12] 


[2-13] 

4 ‘ 

[2 -14] 


X = B cos 

is also a solution. 

From mathematical considerations it can be shown that there must be 
two arbitrary constants to have a general solution to a second order 
(Hiuation such as equation 2*2. This means that the solution, in its 
most general form, must have two arbitrary constants. Further, it can 
be shown that the sum of the particular solutions given by equations 
2* 13 and 2- 14 is also a solution and will be the general solution. There- 
fore, the general solution is 


= A sin 


W 


t + B cos 




[ 2 - 11 ] 


As suggestc'd previously, the solution may be put in exponential form. 
It can be found by trial, just as in the case of trigonometric functions, 
that 


\/-k 
X Ac ^ 


t 


is a solution of equation 2-2. The general solution when written in this 
form is 


'y/Zki - \/r5< 

x = Ae ^ +Be 


[2.15] 


where A and B are again arbitrary constants depending upon initial 
conditions of motion. 

2-6. Evaluation of Arbitrary Constants. In the general solutions ot 
the differential equations, A and B are arbitrary constants whose values 
depend on the initial conditions. One set of conditions commonly used 
is that where the weight is displaced a distance Xq from its equilibrium 
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position and then released without initial velocity, 
can be expressed analytically as 

a: = xo when ^ = 0 


and 


-f- = 0 when t = 0 
dt 


These conditions 
[2-16] 
[2-17] 


The first of thes(? conditions indicates that the body is displaced a 
distance Xo when we begin to measure time. The second condition indi- 
cates that it has zc^ro velocity when it is released. By applying these 
conditions to equation 2-11, we find that 


or 


xo = ^(0) + B{\) 
B = xo 

The condition givcni by (‘(piation 217 yields 


di 

This gives 




w 

.4 = 0 


kg 

W 


( 0 ) 


TIh! comploU' solution for t.ho motion of the weight W shown in Fig.,2- 1 
for the initial conditions given by relations in equations 2- 16 and 2-17 is 


X 



[2-18] 


Because of the initial conditions assumed, equation 2-18 becomes a 
particular solution of equation 2-2. It can be used to determine the 
natural frequency and displacement at any time t. It shows that the 
motion repeats its(df pt^riodically, and that under ideal conditions the 
motion will not diminish as time goes on. It Is known from experience, 
however, that eventually it must stop because of air resistance and inter- 
nal friction. Nevertheless, in many cases the reduction is very slow so 
that it may be used for calculating the natural frequency with good 
engineering accuracy. 

For a case where the weight has an initial velocity vi when displaced 
a distance xi, the initial conditions are 



ILLUISTRATIVE PROBLEM 15 


The same method may be followed in evaluating the constants as before 
to obtain the result 





W 


Xi cos 



[2-19] 


Illustrative Problem. In Fig. 2-1 consider tlie I’ase where a weight of 2 lb 
is attached to a spring having a spring constant k = 20 Ib/in. If xo - 0.1 in., 
we have by su})stituting in equation 2*18 


X — O.I cos 


1 ^ 86 ) 

'•W— 


t =- 0.1 cos (()2,l)f 


Tlie displacement of the weight from its e(|iiilibrium position at any time, 
can be determined by substituting values of t into the above equation. The 
velocity of the weight can be found by differentiating the equation for displace- 
ment, giving 

:= —0.21 sin (62. 1)^ 
dt 

Again by substituting values of t in this ecpiation the velocity at time t may 
l)e determined. The acceleration can be found in like manner by differentiating 
the velocity equation, giving 

dr (Px 

a = - = — = -386 cos (62.1 
df dP 

If desirable the value of 0.1 cos (62. 1)^ from the displacement equation can be 
substituted in this equation, giving 

(Px 

a = — == -3860.r 
dP 


The acceleration can then be found in terms of the displacement or in terms of 
time, depending on the known conditions. 

The equation of displacement, in addition to giving information on the dis- 
placement of the weight, can be used to determine forces and therefore stresses 
in the spring. This case is so simple as to be obvious, but this method of deter- 
mining loads and stresses can be applied to more complex cases. Tlie force in 
this system, which is equal to the displacement times the spring constant 
can be expressed as 

F ~ kx = A;(0.1) cos (62.1)f 


The maximum stress can be determined by substituting this force in the equa- 
tion for spring stress. 
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2*6. Equivalent Vector Motion. In examining the solution as given 
by equation 2- 11, we see that the solution is composed of the sum of two 
simple harmonic* terms. Since a simple harmonic* motion may be repre- 
sented by the projection of a rotating vector on a diarnetc'r, thc^ sum of a 
sine term and a c'osine term may be obtained by adding the vectors as 
shown in Fig. 2*3. A cosine term is always 90"^ 
ahead of a sine term so that the vectors repre- 
senting thci two terms in equation 2*11 are at 
right angles. The resultant motion will be the 
same as the resultant vector. The resultant 
motion can bc^ representc^d by the equation 



Va- + c<: 




[ 2 * 20 ] 


where <t> = phase angle = tan 


B 


The term t in any of the above' c'quations rc'i)resents tlicj angle 
turned through by the rotating vectors. Since the angle is the ])roduct 


of the angular velocity and the time, the term 




‘orresponds to the 


equivalent angular velocity of simple harmonic motion or 


Wn 




radians/'sec 


Physically Wn has no direct meaning, but, since the motion completes 
one whole cycle while the vector is turning 27r radians, the number of 
cycles occurring per second is 

This is known as the natural frequency of the system because no external 
force is needed to maintain the vibration at this frequency. 

2-7. Energy Method of Solving Spring and Weight Problems. Prob- 
lems involving syst/cms similar to the simple spring and weight problem 
shown in Fig. 2*1 can often be worked to advantage by using energy 
methods. Natural vibrations of systems without damping or friction 
involve the interchange of kinetic energy stored in the weight due to its 
motion and potential energy stored in the elastic members, such as the 
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spring. The energy stored in the spring at any displacement x can be 
determined graphically from Fig. 2-2 or by using the general principle 

that work ecpials ^ Fdx. Since F = kx^ the potential energy or Avork, 

PE^ stored in the spring will be 


PE = 



{kx)dx = ^kx^ 


[ 2 - 22 ] 


This same value can be determined from Fig. 2*2 by noting that the 
woik done by any variable fon^e is ecpial to the area under the force- 
displacement curve. This area oi’ work will then be one-half the product 
of the height of the triangle, kxj and the base of tlie triangle at the dis- 
placement 0 *, or ^(x)(kx) = 2 ^x^) which is the same value as given by 
(equation 2 • 22. 

The kinetic energy duci to the motion of the system can be calculated 
from the formula 

1 W 

KE — — (velocity)^ 


Since the velocity in this case is not constant, it must be expressed 
analytically as 


Velocity = 


dx 

dt 


giving 



[2-23] 


Since theix^ is no dissipation of (Uiergy, the (UU'rgy possesst^d by the 
syst(‘m in any position is constant and e(|ual to the sum of the pokjntial 
energy and the kin(‘tic energy, 

PE + KE = C 


If the derivative of this equation is taken with respect to time, the 
following expression is obtained: 


1 

2 


i2kx) 


dx 

dt 



drx d x_^ 
dP dt 


[2-24] 


Equation 2 • 24 gives the (conditions under which the rate of change of 
energy in the system with respect to time is zero. This is a mathematical 
way of stating that the energy in the system will be constant. Upon 



18 


VIBRATIONS WITHOUT DAMPING 


simplification this equation reduces to the following form, which is 
identical with equation 2*2: 


df 


kg 


The solution is therefore given by equation 2*11. 

Illustrative Problem. An electric motor weighing 100 lb is mounted on 
4 springs, each of whicli has a spring constant of 1000 Ib/in. The motor is 
guided so that it can move only in a vertical direction. Determine the natural 
frequency of this system. 

Solution. In this case the sjH'ings arc in parallel, giving the effect of a spring 
liaving the stiffness of four times the individual springs. The effective k will 
then be 4000 Ib/in. The weight carried on the si)rings is 100 lb. From equation 
2-21 the frequency is 

27r \ 100 


= 10.8(60) = 1188 cycles/min 


This freciuency is very near the speed of a 1200 rpm motor. If sucli a motoi 
were used, trouble from the vibration would undoubtedly result. 

2-8. Weight Suspended on a Vertical Spring. P'igure 2-4 shows a 
weight suspended from a spring. If represents the displacement from 
the position where there is zero stress in the spring and 5^^ 
is the static displacement of the weight, the equation of 
motion will be 





If /(fo-A 
a \ d{^ ) 


+ kxi ~ If = 0 


Then let 


■SIT 

f— 1 1 [ wMch will give 


3 ^ ““ 3^1 ~~ 3^1 


w 

k 


[2-25] 

[2-26] 


b-.. J 

Fio. 2*4. 


d^x 

de 


dPx\ 

1^ 


Equation 2 • 25 will then reduce to 
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The solution of this equation is obviously the same as that of the case 
shown in Fig. 2* i. It should be noted that 


^et = 

and the frequency can be given by 


W 

k 


()() jkg ()0 / g 

27r^I? "" 


187.7 


5.S/ 


cycles/ min 


[2-27] 


Therefore, 5.^/, th(i static, deflection, can be used to determine the 
natural frcciuency of the system. 


EXAMPLES OF FREE VIBRATION WITHOUT DAMPING 


2*9. U Tube. The equations as given above cover specifically the 
c.ase of a weight acting on a spring. The prin- 
c.iples developed actually cover any problem 
where the restoring force is proportional to the 
displacement. In Fig. 2*5 the restoring force is 
the unbalance weight in the manometer. The 
weight being acceleratc^d is the A^^ight of the 
liquid in the manometc'r. Ilie mass is 

W T(fL w 
(J ^ g 

Fig. 2 - 5 . 

where w is the specific weight of the fluid and W 

is the total weight of the fluid in the manometer. Tlie restoring force, 
due to position, is 

F = - -y- (2^) 



From Newton \s law it is then possible to write 

ird^L ( w \ (j[“x wirdr 

2 


1 \g) di 


I 


or 


g / dt 

d^Jr 2g 

T/2 + 7- •*■ = 0 

dt ij 


{2x) 


[2-28] 
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It is obvious that the term 2g/L corresponds to kg/W in the problem 
of the mass and spring. Tliis means that the displacement would be 
given by 



[2-29] 


and the natural frequency by 


1 




[2-30] 


Illustrative Problem.^ A U tube of \ in. inside diameter has a mercury col- 
umn wliicli is 8 in. long. This H tul)e is to be used foi' measuring the i)ressure 
on the discharge of a low-pressure single-cylinder blower which makes 100 
working strokcs/min. Is there any danger of the natural frc(}uency of the gage 
being near the freciuency of the air j)ulsations from the blower? 

Solution. From equation 2-30 we see that the frequency is independent of 
the fluid in the manometer and is given by 


. 1 [2(380) 

•^ = 2tV- -jT- 


1.50 cycies/scc 


= 98 cycles/min 

Since the natural fre(|uency and the fre(iuency of the compressor discharges 
are so close, it is {)robable that difficulty might be exj)erienccd in getting the 
fluid in the gage to stand still. 

This difficulty could be avoided by using a longer or shorter length of mercury 
in the U tube. For example, a 10-in. length would give a natural frequency of 
70 cycles/min, which would be well below the critical value. 


2 * 10. Pendulum. Figure 2 ■ 0 shows another problem of the same gen- 
eral type. The force tending to restore the weight to its eciuilibriurn 
position is W sin 6. If the angle through whic^h the pendulum is dis- 



placed is small, then the approximation that sin 0 — 0 
can be made. This can be verificid by checking values 
from a trigonometric table, keeping in mind that 0 
must be used in radians on tlui right-hand side of this 
expression. In Newtori\s equation the tangential ac- 
celeration is 

(PO 

Acceleration == R — - 
dt^ 

and the restoring force is 


Fig. 2 (). F— — IFsin0= —WO (approx.) 
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Using these values, we can obtain an equation equivalent to 2 • 2, giving 


or 


~ + we 0 

a dr 


d^B q 

7# + ,i* 


[2-31] 


The solution for a pc'ndulum rel(‘as('d from rest is 


and 



[2-32] 


This equation shows that the freciuency of a simple pendulum is 
dep(aid(nit only upon its length when the amplitude is small. 

Illustrative ProblemU A clock is to have a i)eiululuiri consisting of a light 
wire with a weight at its end. If the weight of the wire is neglected, what 
weight must be i)laced on the bottom of the wire and what lengtii of pendulum 
must 1)0 used if it is to make one (complete cycle per sec^ond? 

Solution. Equation 2*32 shows that the frequency of the pendulum is inde- 
pendent of the weight placed on it. If the weight is doubled, for example, the 
force available to restore the pendulum is doubled, and the frequency rcanains 
the same. The length, however, can be obtained from equation 2-32 and will be 


R - 


9 


R 


386 

(2w~iy 


= 9.7 in. 


2*11. spring Constants. The solution of vibration problems requires 
a knowledge of tlu^ syst(^m\s elastic properties. These properties may 
be expressed as a spring constant. The lin(\ar spring constant for a 
member subjected to a direct load is usually defined as the force to 
produce unit extension or compression in the membe^r. It is designated 
by the symbol k, and the units are generally given as pounds per inch 
for vibration work. For a helical spring, the relation between load and 
deflection is 
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and the si)ring constant for a helical spring is 

F _ 

where G = shear modulus of elasticity in pounds per scpiare inch 
d — diametei' of wire in inches 
D =• mean coil diameter in inches 
n — number of coils 


[2-33] 


The spring constant for a member subje(^i-e(l t.o torque is the num- 
ber of inch-pounds of torque required to twist the shaft one ra- 
dian. The torque on a shaft expressed in terms of angle of twist 

ird^Ge 

T = 

32L 


The si)ring constant for a sliaft is given by 

_ 

~ ~d ■“ 32L 


[2-34] 


The spring constant for a cantilever beam, expressed in terms of tiie 
load at the end of the beam, is the pounds of force required to produce 
unit deflection or 


k = 


F 

8 


SEI 


[2-35] 


where F — modulus of elasticity in tension in pounds per square inch 
I ~ moment of inertia of Ix^am s(H*tion in inches*^ 

L = length of beam in inches 

The spring constant for any type of beam can be found in a similar 
manner. For a simply supported beam witJi a load in the middle, the 
deflection is 


The spring constant is 


8 


FL^ 

48F/ 


, F 4SEI 
k — — — 

8 



2 • 12. Disk and Shaft. A simple system composed of a disk attached 
to one end of a shaft that is fixed at the other end forms the basis for 
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solving more complex torsional problems. These problems may be 
solved by using either energy methods or equilibrium conditions. Fig- 
ure 2 • 7 shows a shaft of diameter d supporting a disk 
having a moment of inertia, /, about its axis of rota- 
tion. The spring constant for a uniform shaft of di- 
ameter d as given by equation 2 • 34 is 


mvmm 


ht = 


(j ird^ 

L 32 



The tonpic, rc'sulting from a. (l(‘fl('ction of tlu‘ disk 
through an angle dj is by definition 

T = -ktO 

Tlu^ condition for equilibrium may be de'U'rmined from the equation 

= la 


which gives 


—kt6 = la — I 


dP 


which can be reduced to the form 


(k^d , k( 

J 




[2-37] 


The solution of this differential equation is o])viously tlu^ same as for 
equation 2 • 2, giving 


0 




and 


= 6lo cos 

1 , / 
-■■V/- cycles/ SI 

47r ^ i 


[2-38] 

[2-39] 


Illustrative Problem. Assume that a j)r()]Xiller drive on a boat can be repre- 
sented by a shaft and disk combination as shown in Fig. 2-7 because a large 
flywheel is present on the engine drive shaft. The propeller shaft is 5 in. in 
diameter and 40 ft long. The moment of inertia of the propeller is 1000 Ib-in.- 
sec^. What will be the natural fre(iuency of this simplified system? 

Solution. lYom equation 2 • 34 we find that 


hi 


G wd^ 
L~^ 


12(10^)7r(5b 
40(12)32 ’ 


1.53(10®) in.-lb/radian 
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From equation 2 • 39 

27r V/ 27r\ 1000 

== 374 cycles/min 

In cases such as this whore the cng:iiic flywheel inertia is very large compared 
with the other values, su(‘h an api)roximation as the above will indic^ate the 
lowest s})ecd which would be critical. More accurate analysis of such problems 
will be given later. 

2*13. Torsional Methods for Pendulums. The natural frequency 
of the pendulum shown in Fig. 2-0 can be worked on th(i basis of mo- 
ments as well as on the basis of foi‘(*(‘, as was done in section 2 • 10. The 
moment acting on the pendulum as shown in Fig. 2-0 can be expressed as 

T - WR sin e 


If ^ is small, sin 6 = 6, and the toixiue is ai)proximately eciual to 

T = WRd 


This is the only (external tonpie applk'd about th(^ pivot i)oint; so the 
basic eciuation ZT = la can be written as 


-WRd = I 


dtr 


This equation may be rearranged so that it becomes 


cf-e WR 


The frequency of oscillation for any pendulum is 



where / is the moment of inertia about the pivot point or 


[2-40] 


(J 

When the mass is small and concentrated the moment of inertia about 
the center of gravity becom(^s negligil)le; so the eciuation for the fre- 
quency becomes 
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This is the same as equation 2-32 given previously for a simple pendu- 
lum. Moments of inertia of a body are often dc'teiTnined from the fre- 
(jiKUiey of oscillation for the body about some axis other than one through 
the center of gi*avity. l^xjuation 2-40 is used as a basis for determining 
the total moment of inertia about the pivot point. Any other moment 
of inertia can be got by the transhu* ecpiation also given previously. 

A variation of this problem is shown in Fig. 2*8. In this case the 
torque is givcai by the sum of the spring forces and 
the gravity for(*e due to the (lisplac(‘d weight. The 
torepu' is 

T = —IVE sin 0 — {ka sin 6) a 
or, if d is small, 

T - -WLe - haH 

The moment of inertia is approximately 

U 

so that the condition for e(iuilihrinm givovs 

W 
i) 



Fia. 2-8. 


-WIJ - kd-e = — (L-) 


(fe 

dd 


or 


d-B \VL + 

+ (/0 = 0 
(it \y ij 


[2-41] 


The frequency is then 


f 


1 j/WL + kd\ 1 [<r,k(jfaY 

- 2, <{r^-wiF-)’ - 2 ~Jl + irirj 


Illustrative Problem. A i)eiidiiliirn such as in Fig. 2-8 has a one-pound 
weight at a distance of 15 in. from the support and a spring with a k value of 
5 Ib/in. 10 in. from the supi)()rt. Determine the natural frequency of the system. 
What is the period of vibration? 

Solution. The natural frequency of such a system can be determined by 
substituting in equation 2-42, giving 


1 1/105) -h 500-)\ , , 

^ VV ) cycle, s/sec 

1780 cycles/rnin 
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2*14. Torsional Vibration of Spring-Mounted Machine. Figiin^ 2-9 
shows another torsional vibration system. If the machine is mounted 
on springs as indicated, it can vibrate about its center of rotation. 
When I is the momtmt of inertia, of the mass about tlie center of gravity 


and k is the spring constant for 



the springs on (^ach sid(\ the restoring 
torque caused by a small angular de- 
flect ion 6 can be written as 



so that the condition for equilibrium 
gives 

Jln T 2 

+ = ° [2-4.ri 


giving a natural frequency of 




cycles/sec 


[2-44] 


Illustrative Problem. The engine of an airplane is mounted as indicated in 
Fig. 2-9 so that it can oscillate about its center of gravity but cannot move in 
any other plane. If the moment of inertia is 100 in.-lb-sec^ and two springs, 
each having a value of 1250 Ib/in., are used on each side, spaced 20 in. apart, 
determine the natural frequency of this system. 

Solution. The effective spring constant to be used on each side is 2(1250) = 
2500 Ib/in. The natural frequency as given by equation 2*44 is 


1 /2500(20)2 

27r \ 2(100) 


11.2 cycles/sec 


2*16. Beam and Weight. Another type of free vibrating system is 
the beam shown in Fig. 2* 10. If the end of the beam is deflected an 
amount x, the energy stored in the beam will equal the average force 
times the deflection. The force at the end 

of a cantilever beam needed to deflect the |< L >| 

end a distance x is ^ 

_ SEIx ' 

^ - " TT' Fig. 2 -10. 


The average force is one-half of this, and the potential energy stored at 
any deflection r is 

1 SEIx , , 3 EIx^ 

(r) = 


PE = 

2 


L'* 


2 1 / 
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The change in potential energy due to the change in position of the 
weight is neglected as long as the weight exerts a constant effect on the 
system. This is justified because only the energy variation from the 
equilibrium position is of interest. This was shown to be tnie analyth 
cally in section 2-8 for a simple spring and weight system by changing 
variables. It can also be shown by referring to the spring force-deflec- 
tion diagram of Fig. 2 -2. The change in variables can be deduced to 
mean that the z('ro position is moved from an unstressed position to the 
ecpiilibrium position. Thus it is seen that the variation depends only on 
the energy change relative to the equilibrium position. This simplifica- 
tion cannot be used where the wc'ight has a variable effect on the system, 
such as a vertical pendulum. 

The kinetic energy stored in the wcught IT is 



Th(‘ sum of th(‘ potential and kinetic eiua-gy of the system is a constant 
so that we can write 


3 Kix- 1 - r 

Tf this ex])ression is (lifr(u*(‘ntiated with r(‘spect to time and the result- 
ing equation sim])lified, the following relation is obtained; 


W SEI 
g df 


X = 0 


giving the frequenc.y equal to 




_L IsEIg 
27r^ iVL^ 


cycles/sec 


[2-45] 


[2 -40] 


Illustrative Problem. Tachometers consisting of a thin steel strip having a 
weight at one end and rigidly fastened to a frame at the other are used for 
indicating speed. When the freipiency of vibration of the machine or structure 
to which they are connected equals the natural fre(piency of the loaded strip, 
it will vibrate. One such member consists of a strij) of spring steel 0.030 in. 
thick, I ill. wide, and 2 in. long. What weight should be plac(*d on the end of 
this beam so that the natural freciuency will be 1800 rpm, or 30 cycles/se(^? 
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Solution. The sectional inoincnt of inertia of the beam is 


I = tV(D (0.030)3 = 56(10-8) 

From equation 2-46 

1 IsWg 
*' 27r \ WU 


W = 


*^EIg 


3(30) 10«(r)6)l 0-8(386) 
23(27r)^30" 


- 0.0685 lb 


2*16. General Case. The many examples which have been con- 
sidered are in many resi)ects similar. It is possible to gcuKU'alize on such 
simpler systems of one dc'grec' of fr('(‘dom. The natural frequency for 
such systems can be written as 


1 /Spring constant 1 T (j 

f — — < =: — \/”- cycles/sec 

27r ^ Mass vibrated 'Ztt ^ 5.s.^ 


[2-47] 


When it is expressed in this form it is (‘asi(M’ to s(H‘ why the U tube 
and pendulum are ind('p(uident of the w(‘ight involved sim^e the weight 
appears in ])oth the restoring force and the mass and will therefore 
cancel out. 


[llustrative Problems 

1 . A weight IF is sujq)ortc(l by two springs in i)arallel, as in(li(*ated in Fig. 
Ml. If /?! is the spring constant for one spring and k 2 for the other, determine 
he natural frequency of this system. What is the equivalent spring constant? 

Solution. If the s])rings are in parallel, the restoring force 
encountered when tlie weight is deflected a unit distance is 
k] + k 2 . The mass to be vibrated is W jg. From equation 
2-47 we have 

1 




k. 


W 


Fig. 2-11. 


The eciuivalent spring constant is the sum of the 
two, or 

k — ki k2 



2. A weight is supported by two springs in series as shown in 
Fig. 2*12. If these springs have constants ki and A : 2 pounds per 
inch, determine the natural fn^tiueiu^y of the system. What is the Fio. 2- 12. 
equivalent spring constant? 

Solution. If a force equal to W is ai)})lied to the system, the weight W will 
move through a distance 

W W 

ki 
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If k is the equivalent sjDring constant, the distance the weight W will move 
under force W will be W/k. By equating these two relations we can obtain 


giving 


W _ W W 

kik2 
ki -f /C2 


The natural frequency can be determined from equation 2*47, giving 

.1 / 

•' 2TT\W{kiWk^ 


2*17. Effect of Distributed Mass. The discussions which have been 
given for spiings and shafts hav(‘ all negh'ct-ed the effect of the weight of 
the spring and inertia of tlu' sliaft on the natural freciuency. It lias been 
assumed in th(\s(‘ analyses that th(‘ w(‘ight of the spring or inertia of the 
shaft is small in comparison with the conccuitrated values. The simpli- 
fied solution can be used, in most cases, with a sufficient degree of ac- 
curacy. The effect of this mass on th(‘ frequency can lie cahnilated if 
desii’ed by using encigy medhods. 

The effect of the inertia of the shaft in the shaft and disk jiroblem can 
be closcdy approximated using the energy method discussed in section 
2-7. The potential energy stored in the shaft is given by the relation 

]^E = \kte- 

The kinetic energy v ill be made up of that of the disk and that of the 
shaft. If / is the momcuit. of inertia of the disk and /.v is the moment of 
inertia per unit length of the shaft, we could write 

1 f(W\^ 

KE ==-/(■) for the disk 

2 \diJ 


The angular velocity of the shaft equals that of the disk at the disk 
and is zero at the support. The angular vcdocity at a distance y from 
, y (IS 

the support is . The kinetic energy of a length dy is ^I^dy 

L dt 



The total kinetic energy of the shaft is given by 


KE 


2 3 \dt) 
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The total kinetic energy of the system is 


KE == 





It can 1)0 soon that the inertia of the shaft can be taken into account by 
adding one-third of tlie inertia of the shaft to the disk. 

It can also be sho\^7l in a similar manner that the weight of the spring 
in a weight and spring system (*an be taken into account by adding on(‘- 
third of the weight of the spring to the concenti*ated weight being 
vibratc'd. 

These results apply within the limit of ac(airacy normally n^quinjd 
even though the weight of the spring or inertia of the shaft is equal to 
that of the weight or disk. 


FORCED VIBRATIONS WITHOUT DAMPING 


2 -IS. Spring and Weight. It. is logical to continue with the study of 
fon^ed vibrating systems with no damping. The (*ombination of the 
natural vibration and the forced vibration is particularly 
important. A typical example of this is a weight sus- 
pended on a spring as shown in Fig. 2-13. 

In order to restrict the motion to one degree of freedom 
it is assumed that motion is permitted in one direction 
only. Assume that a weight is hung on the spring and 
that a vertical harmonic force acts on the weight as shown. 
This might be a motor with an unbalanced rotor running 
at a constant speed. Then, if the motor is guided so that 
it can mov(^ only in a vertical direction, one component 
(F sin 6) of this unbalanced centrifugal force will be ab- 
Fig. 2 13. sorbed by the guides while the other component (F cos 6) 
will produce the force which will tend to make the motor 
vibrate in a vertical direction. If v is the frequency of the unbalanced 
force in radians per second, the unbalanced force can be written as 
F cos vt. The vertical component of the unbalanced force can be 
expressed in terms of either the cosine or sine, depending on whether 6 is 
measured from the vertical or horizontal axis. The general equation of 
motion of this system can be written as follows: 






SF, = 


W 

dx 

g 



[2-48] 
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or 

W (fx, 

— ~~ + kxi + W = Fcoiipt 

g (IF 

w ..... 

or, if we let a; = — — = tlisplaeemt!iit Irom the equilibrium position, 

Kf 

W (fx 

I t) + [2-49] 

(J dt^ 

This last equation is identical with the nation for a free vibration 
(?xcept that the right-hand term {F cos vt) has been introduced. The 
solution for a differential (equation of this type is equal to the solution 
when the right-hand member is z(^ro, plus a particular integral or comple- 
mentary solution. The solution when the right-hand member is zero is 
the same as equation 2 11. If we let V n^present the particular intc‘gral 
or complementary solution, we can indicate the complete solution as 

X = A .sin - J < + li cos I + F [2 • 50] 


When the right-hand m(‘mhei* is of the form F cos vt or F sin vt, K, the 
particular integral, will be of the form (s(»e any text on differential equa- 
tions) 

Y = Csin vi + D cos vt [2-51] 


where C and 1) are constants to be determined by substituting this value 
of Y and its derivatives in equation 2* 49. doing this we find that 


— [ — CV^ sin vt — Dv^ cos vt] + k[C sin vt + D cos vt] = F cos vt 

g 




r,, wiFi 

h Ck 

sin vt 4- 

Dk 

L g J 


g J 


[2-52] 


Since there is no sine term on the right-hand side of the equation, the 
coefficient of sin vt must be equal to zero, giving 

W 

-CV — + Ck = 0 
g 


Therefore 


C = 0 
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Equating coefficients of cos vt, we have 

Dk-^^F 


D = 


F 


k - 


W 


The value of T then becomes 


Y = 


F 


K V 

9 

The complete solution is giv(:u by 


X = A sin uj + B cos co„/ + 

J'^ 


cos vt 


[2-53] 


[2-54] 


k V 


co^vt [ 2 - 55 ] 


when^ 


clx 


If we take a ease where x = 0 and = 0 when t = 0, the eonstaiit-s 

Civ 

may be evaluated as before^ giving 

A = 0 

F 

B = - 


k 2 

fc V 


which, when substituted in equation 2-55, gives 


a: = — 


r F 1 

cos (jd^t “t- 

r 1 

, ^ •> 


k v" 


o 

k — — 

L ^ J 


L g J 


k - 


w , 


(cos vt — cos 03nt) 


cosvl [2 -50] 


[2-57] 


The behavior of this equation can be intc^rpreted grapliically by con- 
sidering what happens to the system under the action of the force F as t 
increases. From equation 2 • 57 we can see that the motion of the motor 
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as given by x, at any frequency of the forced vibration, is the factor 
F 

multiplied by a difierence of the two cosine terms. This result 

/• 2 
A; V 

y 

can bo obtained graphically by plotting each term as given by equa- 
tion 2* 50 and adding the result. Figure 2- 14 shows an example where 



the impressed fre(]uency is small compared with the natural frequency. 


In this figure the two terms 


F 



g ^ 


cos o)nt and 


r F 1 



y 


have been plotted along with the algebraic sum. 

When the two frequencies are nearly alike, a condition known as 
beating will occur as indicated in Fig. 2-15. Since the two frequencies 
are slightly different they will at times tend to cancel each other and at 
other times to add. At the higher frequencies a phenomenon similar 
to that shown in Fig. 2-14 will be found except that the natural fre- 
quency will be low compared to the impressed frequency. 


Illustrative Problem. A spring-mounted variable speed motor as shown in 
Fig. 2-13 is subjected to a dynamic force of 40 lb at 500 rpm resulting from an 
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unbalanced rotor. If the motor weighs 100 lb and is supported by a spring hav- 
ing a k value of 2000 Ib/in., determine the critical speed of the system and the 
maximum amplitude of displacement of the vibration at 500 rpm of the motor. 
Assume no damping. 



Solution. The critical speed occurs when the frequency of the forced vibration 
equals the natural frequency of the system. The natural freciuency, given b}" 
equation 2-21, is 


/ 


1 Wg _ \ /2000(386) 

27r V ir “ 27r \ “Too 


= 14 (\vcles/sec 


= 840 cycles/min 


When the motor speed equals 840 rpm, resonance will occur and result in exces- 
sive amplitudes. 

The displaf^ement of the vibration, given by ecpiation 2-57, is 


where 


X = 



(cosvt — COSWnO 


V == 


2tN 

(To 


“ (500) = 52.5 radians/sec 
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If these values are substituted in equation 2 • 57, we get for N — 500 rpm 

40 


2000 - 

386 


(cos 52.5/ — cos 88/) 


X — 0.0311 (cos 52.5/ — cos 88/) 


To find the maximum amplitude of the vibration we could take the derivative 
of the above expressions for x and set it eciual to zero. This would show that 
the amplitude is a maximum when sin W = w„sincj„/. From Fig. 2-14 or 
2- 15 we see that when the two motions, cos vt and coscon/, are slightly different 
they will at some time get into j)hase for a short time, and at that time the 
amplitude will obviously approach the sum of the two waves. The maximum 
amplitude ivithout damping will then be nearly 0.0622 in. at 500 rpm. 

From a practical viewpoint the above conditions are impossible because there 
is always some damping where there is motion. If there is the slightest amount 
of damping the steady state conditions w'ill not be those for undamped vibra- 
tions but will correspond to those set forth in the su(‘ceeding chapter. Because 
undamped torched vibrations have no practical applications except for transient 
c'onditions they will not be given further consideration. 


PROBLEMS 

2*1. A weight of 10 lb when hung on a helical spring causes a static dc^flc'ctioii of 
I in. What is the natural frequency of this system? What is the period of oscillat ion? 

2*2. A w'cight of 24 lb is hung on a steel spring. The coil diameter 1) — bj in., 
the wire diameter d = J in., and there are 18 active coils. What is the natural fre- 
(iu(*ncy of vibration if spring mass is neglected? 

2*3. A mercury manometer is used to measure the air pn^ssure in an air pipe. 
The bore of the tube is J in., and it is filled with enough mercuiy to give a 22-in. 
column length. The specific gravity of mercury is 13.6. What is the natural fr(‘- 
quency of the mercury in the tube? 

2*4. A shaft that is fixed at one end as shown in Fig. 2-7 has a solid cylindrical disk 
with a moment of inertia / = 6 in.-lb-secr. It requires 1 14 in.-lb torciue applied at 
the disk to produce a twist of one radian. What is tlu^ natural fretpuuuy of this 
system in cycles per minute? 


I — — I 


^ HvVW~| 


Fig, P2-5. 


2«6. Each of the two springs shown in Fig. P2-5 has a spring constant k — 2.C 
Ib/in., and the weight VF = 3 lb. What is the natural frequency of the system? 
If the weight is displaced 1.76 in, from its equilibrium position, what is the velocity 
of the weight when it goes through its equilibrium position? 
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2 * 6 . Determine the modulus of elasticity for a spring for which the following infor- 
mation has been determined: The spring weighs 2.8 oz and, in addition, supports a 
weight of 6.5 oz. When it is displaced from its equilibrium position and allowed to 
vibrate, its natural frequency is 55 cycles/min. There are 202 activi; coils in the 
spring, the mean coil diameter is §-f in., and the diameter of the spring wire is 0.04 in. 
Compare the results when the spring weight is neglected and when it is considered. 

2 - 7 . Determine the spring constant k when a load W is applicul at the crosspoint 
of two identical beams as shown in Fig. P2-7. Deflection of a single b(iam is 
WLV48£7/. 



Fia. P2-7. Fig. P2-8. 


2 • 8 . A weight W is suspended from a spring system as shown in l^ig. P2 • 8. Deter- 
mine the equivalent spring constant of this system. Assume linear motion for all 
parts of the system. 

2 '9. In problem 2-8 what will the natural frequency Imj if k\ — 20, k^. — 28, and 
kz = 15 Ib/in.? The weight W is equal to 36 lb. 

2 * 10 . A di.sk having a moment of inertia I is 
mounted on the end of a stepped stetd shaft as shown 
in Fig. P2-10. What is the equivalent spring con- 
stant of the system? 

2 * 11 . If in problem 2-10 d\ — 1 in., (h — 2 i^i., 
L\ — 24 in., and L 2 — 8 in., what will be the value 
of the spring constant? What is the natural frequency 
if the disk has a moment of inert ia 7 = 16 in.-lb-sec^? 

2 * 12 . A car weighing 3800 lb deflects its springs 
6.85 in. under static conditions. What is the natural 
frequency in the vertical direction? 

2 * 13 . A radial airplane engine is mounted on six 
rubber isolators arranged in a ring as shown in Fig. 
P2 • 13 so that the isolator axis is tangent to the ring. 
Fig. P2-10. These mounts allow only torsional movement about 

the center of the ring. The manufacturer’s catalog 
states that each isolator deflects 0.123 in. under a load of 690 lb along the axis of the 
isolator. The ring has a radius of 24 in. What is the torsional spring constant? 
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Fig. P2 13. 

2*14. If the radial engine in problem 2*13 has a moment of inertia of 8000 in.-lb- 
sec*^, determine the natural frequency of torsional vibration. 

2*16. An inverted pendulum is supported by two. springs as shown in Fig. P2-15. 
Each spring has a spring constant equal to k. If the 
weight of the mass at A is W, derive an expression for 
the frequency of small vibrations, assuming tin? bar is 
weigh thiss. 

2*16. The pendulum of a grandfather’s clock mak(is 
a compkiU^ swing in 2 s(h;. D(d(irniine tlu^ w(nght and 
huigth of pendulum if the weight on the pendulum is to 
be made of steel having a density of 0.280 Ib/in.^ 

2*17. A 4-in. cubical wood block having a specific 
gravity of 0.5 as compared with water is placed in a 
tank of wat(T. It is d(;pressed and ther: released. If 
damping is neglected, what will be the natural frequency 
of thc‘ block? What would its frequency be if it is placed 
in a tank of mercury having a specific gravity of 13.6? 

2 ’IS. The pressures indicator schematically shown in Fig. P2-18 is set up with a 
spring having a sjjring constant k = 120 Ib/in. The mass of the piston, rod, etc., is 
about 0.1 lb. What is the natural frequency of the indicator? 




Fig. P2-18. 


Fig. P2 19. 


2*19. A large plate is pivoted near one end as in Fig. P2 • 19. The weight W *= 75 lb 
has its center of gravity a distance 1^ — 24 in. from the pivot point. The plate is 
20 in. wide and 54 in. long. What is the natural frequency for small oscillations? 
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2 * 20 . A spring with a spi iiig constant /c = 1.2 Ib/in. and a weight W = 0.8 lb aiti 
Ixnng lowered with a uniform velocity 1.6 in. /sec. Find the maximum tensile forces 
acting on the spring if the upper end of the spring is suddenly stopped. What is the 
natural frequency of the system? 

2 * 21 . In Fig. P2*21 rujglect the weight of the hinged rigid bar OA and the dimen- 
sions of the ball of weight W which is attached to it at A. Calculate the frequency of 
the system. 




2 * 22 . I'he weight IF in Fig. P2-22 is hung by an inextensible cable on a cylinder. 
Th(^ motion Ls restrained by a spring with a modulus k. The moment of inertia of the 
rotor about it-s axis is I. If the weight is displaced a short distance downward and 
released, what is the ruitural frequency of vibration? 

2 * 23 . The steel rectangular bar of Fig. P2-23 is simply supported at the two ends 
pp. and has a weight IF at the center. What is the spring con- 

£-j stant k if the weight of the bar is m^gligible? The cross s<'c- 

1 Y tion is 2 hi- hy 1 in., the length is 42 in., and the weight, 

Fig. P2*23. h). What are the natural frequencies for vibration 

in t he directions of its two axes? E = 30,000,000 Ib/in.^ 
2 * 24 . In Fig. P2*24 a rollcT >f radius r, weight IF, and moment of inertia / about 
its center of gravity is displa(‘(Ml through a small angle* on a cylindrical surface of 
radius R and then released. What, is its natural frequency of oscillation? 




Fig. P2-25. 


2 * 26 . The coefficient- of friction /u between two metals has been measured by plac- 
ing a block of one material on two rollers of the other material. When the rollers 
rotate in opposite directions as shown in Fig. P2*25, the coefficient of friction may be 
determined from the frequency of the resulting vibration of the block. Derive an 
expression for the natural frequency of such a system. Hint: Displace the block a 
distance x from the symmetrical position and write the equations of equilibrium. 
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2 * 26 . D('.riv(^ an c^xpn^ssion f{»r the; natural ffuqueney of the* system shown in Fig. 
P2*26. Assume that the beam between the spring and the weight is rigid. 



2 * 27 . If the beam elasticity in probkmi 2 * 20 is to b(‘ consitlerod, derive an expre.s- 
sion for thti natural frcnpicmcy in t.(‘rms of the dimensions and physi(!al pro])erties of 
t he system. 

2 * 28 . A large h(iavy platform w(dghing W is hing(‘d at one (md as shown in Fig. 
P2‘28 and is supporUid by a spring with a constant- k at the other end. What is the 
natural frequency for this system? 



Fi«. P2-2H. 


2 ‘ 29 . A connecting rod, Fig. P2-29, is supported at the wrist pin end, displac(‘d, 
and allowed to oscillate. The weight is 6^ lb, and the etmter of gravity is 10.75 in. 
from th(; pivot point. If the frequtmey of t-h(‘ oscillation is found to be 47 cycles/ min, 
what is the moment of inertia about, t he center of gravity? 



Fig. P2-29. Fig. P2-30. 


2 ‘SO. It is necessary to know the moment of inertia of a flywheel weighing 96 lb. 
Therefore, it is pivoted on the inside of the rim at a distance 9 in. from the center of 
the wheel as shown in Fig. P2 • 30. When it is displaced from the equilibrium position 
and released, the wheel oscillates at a rate of 32 cycles/rain. What is the moment of 
inertia about the center of the wheel? 
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2 ‘SI. In Fig. P2*31 the pulley has a weight W\ and a radius R, A weight. W 2 is 
supporUnl by a clevis to the pullciy. The inextensibh^ cable supporting the pulkiy has 
a spring with a spring const-ant, k on one side. Set up an exprc^ssion for the natural 
frequency if the moment of inertia of the pulley is included. 



Fig. P2-31. 

2 * 32 . The natural frequency of a weight on a spring may be determined by includ- 
ing one-third the weight of the spring with the weight. What per cent of the weight, 
may the weight of th(^ spring be if the accuracy of finding th(‘ natural friaiutmcy by 
neglecting the weight of thc^ spring is to b(^ witbin 1%? 5%? 

2 * 33 . A steel shaft 2 in. in diameter and 6 ft long is fixed at om; cmd and (tarries a 
steel disk 12 in. in diameter and 2 in. thick at the other end. What is the natural 
frequency if the effect of the shaft iiKirtia is included? 

2 • 34 . A steel cantilevc^r carries a weight W = 10 lb at its outer end. The beam is a 
rectangular section 2 in. wide, 1 in. de(‘p, and 22 in. long. What is the natural fre- 
quency? 



Fig. P2-35. 

2 * 36 . A cradle may be represented by Fig. P2'35. Find an expression for the 
natural frequency of the rocking if the center of gravity is a distance a above the floor. 
Assume that I is the moment of inertia about an axis through the center of gravity. 




CHAPTER III 


DAMPED VIBRATIONS 

3*1. Introduction. Free and forced vibrations without damping rep- 
resent idealized conditions. They were considered first because the 
solutions are simple and the methods and results are usable in the gen- 
eral study of damped vil)rations. The selection of proper operating 
conditions or the design of a system to fit given operating conditions 
can often be made on the basis of the natural frequency. When operat- 
ing conditions are near the natural frequency or resonance, damping 
becomes important and must be taken into accmmt. 

Damping, as considered in vibration problems, refers to those cases 
where some form of friction is present. In the simplest form of damp- 
ing the friction force is proportional to the relative velocity between 
the vibrating body and some other body. This type of damping, called 
velocity or viscous damping, results from the motion of a body through 
a fluid or from the viscosity of the film of lubricant between the two 
bodies having relative motion. When the relative velocity is high the 
friction or damping becomes proportional to some higher power of the 
velocity. Then no simple mathematical solution can be obtained. 
Bucili cases are usually tn^ated as though the damping ere proportional 
to the velocity with the proportionality factor selected so as to give the 
same energy dissipation as the actual problem. Jacobson has demon- 
strated both experimentally and mathematically that such a treatment 
is practical. 

Another common form of damping is that of constant or coulomb 
damping. Such cases are commonly encountered in applied mechanics 
where the friction force is assumed to be proportional to the force be- 
tween the two bodies. This proportionality factor is the coefficient of 
friction. Where good lubrication does not exist between two bodies, this 
type of damping may be attained. Although it is subject to mathemati- 
cal analysis it can also be expressed as an equivalent velocity or viscous 
damping if de^sin'd. 

The behavior of elastic bodies subjected to stress is, for most purposes, 
assumed to be ideal. We assume, for example, that the deflection of a 
bar is proportional to the load, and when the load is removed the body 
immediately assumes its original position. This condition holds for 
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normal loading where the time factor is not important. Any elastic 
body has some internal friction. If the bar is loaded, it requires time to 
assume its total deformation; and a time factor is likewise required for 

it to recover from its loading. If then a mate- 
rial is loaded over a cycle, the resulting dia- 
gram will look somewhat as shown in Fig. 3 • 1 
rather than the ideal case normally assumed 
and shown in Fig. 2*2. The loop shown in 
Fig. 3 • I is often called the hysteresis loop. It 
represents the amount of internal friction or 
energy dissipated over a cycle of loading. If 
a body is vibrating, this amount of energy is 
dissipated each cycle. Members vibrating at 
a high frequen(*.y may then dissipate a con- 
sidera})le amount of (au'rgy and get warm or even hot if the frequency is 
high enough and the amplitude sufficiently large. 



FREE VIBRATIONS WITH VISCOUS DAMPING 


3 • 2. The Equation of Motion. Velocity or viscous damping is the sim- 
plest damping to consider in vibration problems. This damping, which 
is proportional to the velocity {dx/di), will be called r (lb per unit 
velocity = lb-s(^c/in.). Such a problem can be represented by the 
spring and weight system sliown in Fig. 3-2. 

We can obtain the differential equation in a manner similar to that 
considered in the previous section by referring to the footnote in sec- 


tion 2-2. In this example the damping force r{dx/di) is 
introduced opposite the velocity. For equilibrium the 
equation can be written as follows, where x represents the 
displacement from the equilibrium position: 


or 


dx 

-kx — r — = + 
di 


W d^x 
g dt^ 


IF (Px 
g dP 


dx 

j_ — Q 

dt 


[3-1] 



Fig. 3 -2. 


A value of x must now be determined that will satisfy equation 3 • 1. 

3*3. Solution of the Differential Equation. This differential equation 
is seen to be very similar to equation 2*2. The solution can be obtained 
by following the method given there. The auxiliary equation is 


— + m + A = 0 

Q 


[3-2] 
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The roots of this quadratic equation are 



[3- 3a] 


[3-36] 


The best form in which to write the solution will depend upon the 
relative valium of {nj/2W)'^ and k(j/W. If {rg/2WY i^"^ larger than kg/W, 
the solution may be written most conveniently in the form 

a: = [3-4] 

If both roots are real and negative it may be proved that the motion 
giv(*n by equation 3 * 4 is no longer vibratory l)ecause it can only approach 



the equilibrium position or pass through it once. This solution, there- 
fore, has little value. 

When {rg/2Wy^ is eciual to kg/Wy the roots become real, e(iual, and 
negative. The solution given by equation 3-4 is one solution, but a 
more general form would be 

X == (A + [3-5] 

If for a particular case x ~ xo and dx/dt — 0 at t ~ 0, then A — Xq and 
B = —x^m where m = —{rg/2W), 


X 


•ro 



rg 

2W 


1 -LLt 
t e 


[3.6] 


This too is not a vibratory motion. It is of value because it is a limit- 
ing condition as will be shown in the vsection on critical damping. 

In the third type of solution kg/W is greater than {rg/2W)^. These 
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roots will be complex and une(|ual. The most usable form for the solu- 
tion is 


== p ‘2W' 


X — e 


,1 .os J'* - y < + B sin ,1 

\2WJ \2wJ J 


[3-7] 


This represents a vibratory motion because the term inside the brackets 
is a simple harmonic motion. A and B are arbitrary constants deter- 
mined by the initial conditions. The three conditions are plotted in 
Fig. 3-8 for the conditions of x — dx/dt = 0, when t = 0. It will 
be noted that the curve for the overdamped (jondition never reaches the 
zero position. The sc^cond or critical damped condition gives a curve 
whi(;h settles to zero rather (iuickly. This fact is utilized in most instru- 
ments to eliminate excessive time in reaching the final position. The 
vibration in the third solution passes through zero several times. 

3*4. Critical Damping. If the term under the radical sign in equa- 
tions 3* 3a and 3-36 is zero or positive, it has been shown that vibratory 
motion is impossible. Vibratory motion is possi])le only when this 
value is negative. The limiting case of vibratory motion will then l)e 
when the quantity under the radical approaches zero. The value of 
damping which makes the term under the radical zero is called the 
critical damping. Its value can be determined by writing. 

t'fiV _ 

\ 2 wJ ~ W 

giving 


Tc 



2k W 

— = 2o)n 

0)^1 g 


[3-8] 


This term is often used to give a measure of the relative damping in a 
system. It will be used later. 

3-5. Discussion of the Solution for Damped Free Vibrations. The 

amplitude of the vibration as given by equation 3-7 is made up of two 

factors. The first, e ^ represents the effect of damping on the ampli- 
tude of the vibration. As time increases this cjuantity decreases in size. 
The other factor is similar to the expression for the undamped free 
vibration ; the only difference is a slight change in frequency. Figure 3 • 4 
shows a plot of each of the two terms together with the amplitude curve 
which is the product of the two. The fre(|uency of this sytem in radians 
per second is given by 


[3-9] 
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Ik 

where Wn == 'y ^ 

The frequency of the system in cycles per second is given by 


w' 


/ = 


^nd 

27r 


[3. 

27r ^ IF \2IF/ 27r ^ \r,/ 


10 ] 


If the damping constant r is small compared with the critical damping 
the natural frequency of the damped vibration will be very nearly 
equal to the undamped frequency. With relatively high damping the 
fre(iuency will ])e less than that of an undamped vibration. In most 
actual problems, the damping is smaller than O.lrc except where damping 
is specifically introduced. 

3*6. Logarithmic Decrement. The formulas which have been devel- 
oped make it possilile to predict the behavior of a damped free vibra- 
tion. The formulas as given do not, however, present a simple means of 
evaluating actual vibration records. Figure 3 • 5 shows a heavily damped 
free vibration re(;ord. This vibration follows equation 3-7 very closely. 
If this vibration starts from rest, that is, ^ = 0 at x = Xq, we will 
find that A = :ro and B = xoa/oind where a == —{r(j/2W) and cond = 
V{k(j/W) - {rgl2Wf. Therefore 

X = sin conc/O 

= cos (a)nrff “6^) P’li] 


where d == tan ^ a/co,tj and A'o = Xo 1 + . 

Two amplitudes Xi and Xo at times /i and ^2 ''hi be 


xi = AV' 


rn , 


:r2 — A()C “ 


w 


If the amplitudes are successive the time between them equals the 
period or 2Tr Jo^f^d so that ^2 = + {^ir/^jind)- The second amplitude 

then becomes 

a -2 = 

The ratio of 

^2 


[3-12] 
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b is called the logarithmic decrement because 


where 


^vhe^e 




[3 13] 


6 can be written in many forms by substituting the value of Wnd in equa- 
tion 3 • 13. When one is solving for 6, equation 3 • 13 is most convenient. 
When one is solving for r from an actual record, however, the following 
form is more useful: 


kW 



48 


DAMPED VIBRATIONS 


8 can be determined from such a re(?ord as shown in Fig. 3 • 5 by taking 
loge of the ratio of two successive peak values. Figure 3-() shows other 
records with different values of damping. 




Fra 3 -6. 


Illustrative Problems 

1. A weight of one pound is to be supported on a spring having a stiffness of 
20 Ib/in. The damping constant r = 0.01 Ib-sec/in. Determine the natural 
frequency of the damped and undamped vibration. Find the logarithmic decre- 
ment and the amplitude after one cycle if the initial deformation is 0.10 in. 
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Solution, 


Oind 


h ( rg /20(386) f O.oT 

“ \2w) “ \ 1 L 2i 


0.01(386)]^ 

2(1) J 


= \/7720 — 1 .93^ = 88 radians/sec 


We ean see from the preceding e( 4 uati()ri that damping has a negligible effect on 
the freciuency of the vibration. The logarithmic decrement is 


_ 7r(0.01)386 

1 ( 88 ) “ 


0.138 


The logarithmic decrement is related to two suc(*essive i)eaks by the e(iua- 
tion 


so that 
or 


3 — log — = 0.138 
X2 

Xi = = 1. 140x2 

'JC2 ~ 0 . 8 / 4 . 1*1 


The amplitude of the vibration after its first cycle will be 0.874(0.10) = 
0.0874 in. The amplitude at the end of the second (*ycle will be ecjual to 
0.0874(0.874) = 0.0702 in. 

2. A dami)ed vibration of a weight on a- spring shows the following data: 

Ami)litude on second cycle = 0.12 in. 

Am])litude on third cycle = 0.105 in. 

Spring constant A; = 40 Ib/in. 

AVeight on spring = 4 lb 

Determine the damping constant. 

Solution. 

5 = log^ = 

From equation 3*14 we have 


r = 2 



= 0.0209 Ib-sec/in. 


3*7. Constant or Coulomb Damping. Many prol)lom.s involving slid- 
ing friction can be work('d on the basis of a constant coefficient of fric- 
tion. If or ordinary kinetics problems encountered in mechanics, this 
type of friction is used. Its use greatly simplifies tlie solutions of 
such problems. For vibrating systems, liowev/T, its use presents some 
complications. When friction is assumed proportional to the velocity. 
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and harmonic motion exists, the mathematical expression takes care 
of the sign or direction of the friction force. In the case of constant 
or coulomb damping, the frictional force reverses 
when the motion reverses, but the normal mathe- 
matical equation for coulomb damping does not 
take care of this situation because the force is 
not proportional to the displacement or any of its 
derivatives. It is therefore necessary to have two 
ecpiations to define the motion properly. Figure 
3*7 shows the forces acting when the motion is 
from riglit to left in a simple spring and weight 
system. In this system the differential eejuation of the motion is 

W (fx 

-y + kx — r = 0 [3- 15a] 

(j dt 

where r = y,W friction force in pounds. 

When the motion reverses the frictional force reverses, and 
tion, when the motion is from left to right, is 

W d\T 

— - z kx r — 0 
(j dt^ 

If in equations 3 •15a and 3-156 we substitute 

X = :ri + - [3- l()a] 

k 

V 

:r = X 2 — - [3*1(36] 

k 

the resulting equations are 

[3-17«] 


[3-176] 


and 


W (Pxi 

g dl- 


W dh’2 
~g'df 


+ kx2 = 0 


the ecpia- 
[3-156] 


iWlAAMAA^— W 

h — kx 


O 

Fig. 3-7. 


Both these equations are tlu^ same as the (equation for undamped free 
vibration; and the motion as described by each is s(»en to have the same 
natural fre(|uency, \vhich is 




1 

— \/ — cycles/sec 
27r ^ IF * 


[3-18] 
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an identical value to that given in equation 2*21. We can therefore 
conclude that the natural frequency with coulomb damping is the same 
as the natural frequency without damping. 

The effect of coulomb damping on the amplitude of the vibration is 
best shown by equations 3- 16a and 3*165. Physically the ratio r/k 
represents the extension of the spring under force r. Since successive 
I)eaks are reduc^cd by a constant amount the envelope of the vibration 



becomes a pair of straight lines as is indicated in Fig. 3*8. This may be 
expressed analytically as 

.ri == 2f [3*19] 

k 

Illustrative Problem. A weight of 2 lb is attached to a spring, as shown in 
Fig. 3-7, having a stiffness of 20 Ib/in. The coefficient of friction between the 
weight and support is 0.10. Determine the frequency of vibration of the system 
and the amplitude at the start of the second cycle if the initial amplitude is 
O.lOin. 

Solution. As was indicated in equation 3*18 the frequenc}^ of this system 
will be identical with the frequency of an undamped system 

1 / 20 (^>) 

/ = \ — 2 — cycles/ sec 

The damping force will be the product of the coefficient of friction and weight 
or 

^ 0.10(2) = 0.2 lb 

From equation 3 • 19 we see that successive points in the cycle will be decreased 
2r 2(0.20) 

by an amount — = — = 0.02 in. The amplitude at the start of the second 
cycle will be 

.r = 0.10 - 0.04 = 0.06 in. 


52 


DAMPED VIBRATIONS 


FORCED VIBRATION WITH DAMPING 


3*8. Derivation of Forced Vibration with Damping. The case of 
forced vibration with damping is equivalent to that discussed in section 
2*18 except that the damping term is inserted. If the damping is propor- 
tional to the velocity, the amount of damping will be given by r(dx/dt), 
and the differential equation can be derived in the same manner as equa- 
tion 2 • 49, giving 

W d-x dx 

^ + r [- kx = E cos vt [3 • 20] 

g dt^ dt 


where F is the magnitude of the disturbing force'. 

3*9. Solution of the Differential Equation. The solution of a differ- 
ential equation of this type is made up of the solutiem when the right- 
hand side is zero plus the particular integral F. We can write down the 
se)lution when the right-hand side is zero by using the results of the free 
vibration analysis, as given in equation 3-7. The general solution can 
be expressed as 

X = e~ 2 lr^[d cos 0 );,,/^ + sin + Y [3 '21] 

where 


03nd = 



The particular integral Y can be determined as in the case of fonud 
vibration without damping given in section 2- 18. This can be done [)y 
assuming that Y will be in the form 

Y = C sin vt + D cos vt [3 • 22] 

Upon differentiation we have 
dY 

— = Cv cos vt — Dv sin vt 
dt 


d^Y 


— Cv^ sin vt ~ Dv^ cos vt 


Since equation 3 • 22 is a particular solution of equation 3 • 20, Y and its 
derivatives may be substituted for x and its corresponding derivatives in 
equation 3-20 so that the following expression is obtained: 

W 

— [ — sin vt — Dv^ cos vt] + r[Cv cos vt — Dv sin vt] + 

g 

k[C sin vt D cos vf] = F cos vt [3 • 23] 



SOLUTION OF THE DIFFERENTIAL EQUATION 


53 


Since the coefficients of sine and cosine must be the same on each side of 
the equation, we can write 


giving 



[3 •24a] 


C = 


Y then becomes equal to 


Y 


Frv 



(J / 


+ (rv)^ 



cos vt 


[3-245] 


[3-25] 


A sine term and a cosine; term with the same frequency may lie repre- 
sented by two ve(;tors at right angles, with the cosine term 90° in the 


V 



counterclockwise direction from the sine term as shown in Fig. 3 • 9. The 
sum of the two terms is the resultant vector so that Y can be written as 
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k ) + {rvY 

< Q f 


cos {yi — d) 


or, by rearranging, 


\c0/j/ J ' oifi/ 


^'here d from Fig. 3 • 9 may be ^een to be 


[3*26] 


^ cos {vi —6) [3-27] 


6 = tan 


[3-28] 


The complete solution of equation 3*20 will he 

F cos (vt — 6) 

X = e [^4 cos QOridt + B sin oondt] 4* , 


[3-29] 


+ (r^y^ 


The general solution given by equation 3 • 29 consists of two parts, one 
the forced vibration term and the other the free vibration term. As 
time passes, the free vibration term will disappear because the coeffi- 

Tfi 

cient e~W ‘ approaches zero. The steady state condition is then speci- 
fied by n / . 

^ F cos (vt - 6) 

X = , . w-T-—- [3-30] 

/7 HVV 

\(k )+7^v'^ 


cos {vi — 6) 


■-(-)Tv--y 

W„/ J \ Tc Wn/ 


P>om this we see that the maximum amplitude will be 


^0 = 7 

k 


\(j>n/ J \ Wn/ 


[3. 31] 


[3*32] 


The term F/k is the deflection caused by a force equal to the disturbing 
force F. The other factor within the brackets is therefore a factor by 
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which this equivalent ^^static deflection^’ is multiplied to obtain the dy- 
namic amplitude. For this reason the term 

1 


^ L \<^nj J \ rc COn/ 


is usually called the magnification factor. 

The magnification factor has been plotted in Fig. 3-10 to show the 
effects of various frequency ratios on the amplitude at different ratios 
of damping. Three very distinct regions should be noted. At very low 
ratios of forc(.‘d frequency to natural frequency the motion is very nearly 
1 , that is, very near F/k. As the frequency ratio increases the amplitude 
increases until the frequency ratio reaches 1. I'he less damping there is, 
the higher the amplitude. With no damping then it is seen to approach 
infinity when the ratio of frequencies is 1. From this we conclude im- 
mediately that damping will reduce the amplitude near the resonant 
frec|uency. Above this frequency ratio of 1 the amplitude and the 
magnification factor decrc^ase. At still higher speeds the magnification 
factor continues to decrease and approaches zero. The phase angle 
between the force and the displacement, as given by equation 3-28, is 
shown in Fig. 3-11. With no damping the motion is in phase with the 
force below the critical speed and 180° out of phase above it. 


Illustrative Problem. A large motor running at 1760 rpin has become un- 
balanced to siudi an extent that the unbalance force of 150 lb causes its support 
to vibrate. The support has a spring constant of about 30 tons/in. and a 
damping device that gives it a damping constant of about 200 Ib-sec/in. The 
weight of the motor and moving part of the support is 640 lb. What would 
the amplitude be if there were no damping? Wliat is the natural frequency of 
the support? 

Solution, The amplitude of the forced vibration may be determined from 
equation 3*30, which is 

F 



The value of v is 2x1760/60 = 184 radians/sec. By direct substitution the 
amplitude is 

150 

^(30(2000) - [200(184)]» 

== 0.00407 ill. 

Vssoo^ + 36,8002 
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Fig. 3 - 11 . 
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Without damping the last term under the radical disappears, and the amplitude 
Ijecomes 




150 

3800 


= 0.0395 in. 


This indicates that damping here is very valuable because the natural frequency 
is apparently near the operating speed. The natural frequency is 


/ = 


60 /60^0(38()) 

2 t \ ” 


= 1820 cycles/mi n 


The total force tliat will l)e transmitted to the floor is kx[). If this force is 
large enough to (^aus(i vibration or discf)nifort somewhere, it would be necessary 
to reduce it by some method to be discussed in Chapter V. 


STEADY STATE FORCED VIBRATIONS WITH SMALL DAMPING 


3 • 10. Force Applied to Weight. In section 2-18 forced vibrations with 
no damping wen^ considered. This case was dismissed because it 
retained both a free vibration and a forced vibration, a condition con- 
trary to actual experujnce. In section 3*9 a solution has been obtained 
for forced vibration with damping. Ecpiation 3 • 29 is the entire solution ; 
l)ut as long as there is any damping, regardless of how small it may be, 
the free vibration portion will disappear and we shall have a steady state 
condition determined by equations 3 • 30 or 3*31. If the damping is very 
small, these equations may be further rcHluced with negligible error to 


X 



or the amplitude is given b}^ 


Fv 1 




[3 -33] 


[3-34] 


The term in brackets is also called the magnification factor. It is 
plotted separately in Fig, 3 • 12, The same three regions are apparent as 
where friction was considered. At a low frequency ratio of the 
forced frequency is so slow that the kinetic energy in the mass can be 
absorbed in the spring with very little motion. Therefore, the deflection 
is very nearly the ‘‘equivalent static deflection^ ^ f/fc. As the speed 
increases the kinetic energy increases until a resonant condition is 
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reached under which conditions the amplitude becomes very large. 
Then at very high frequencies the inertia effect builds up as the square 
of the frequency and soon reduces the effectiveness of the impressed 
force. This results in the weight being unable to follow rapid applica- 
tion of force. There will then be an appreciable reduction in amplitude. 



This may be illustrated very simply by a rope swing. If a force is 
applied very slowly the swing is deflected an amount approximately 
F/k. If the frequency of applying the force is increased the amplitude 
of motion is greatly increased. Now if the same force were applied with 
an air hammer at a high frequency the swing would hardly move. 


Illustrative Problem. A motor and pump operating at 1200 rpin are mountetl 
upon a sub-base. The whole assembly weighs 200 lb and is mounted upon 
springs having a total spring constant equal to 500 Ib/in. If only vertical 
motion is permitted, what would the amplitude of motion be if an unbalance 
force of 2.56 lb were present? Is it operating in the region of least ampli- 
tude? 

Solution. The maximum by equation 3-34 equals 


a-o = 


k 


9 


.500 ~ 


2.56 

200 /27rl200\2 
386 \ 60 / 


-0.00033 in. 


The minus sign indicates that the combination is operating above the natural 
frequency because the displacement is opposite the force as is indicated in 
Fig. 3*12. The actual amount of motion will be twice the amplitude. The 
motor is operating in the region of least amplitude. 
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3-11. Spring and Weight with Motion of Support. In some types of 
problems, particularly vibration measuring instruments, a motion or 
force is transmitted to tlie support of an elastic system which will tend to 
set up vibrations in the system. Such a system may 
be represented as shown in Fig. 3*13, where the spring 
support is given simple harmonic motion represented 
by 

Xi — Xo cos vt [3 -35] 

The spring force ac.ting on the weight Tl^ will Ix' 
k{x 2 Xi) where X 2 is the displacement of the weight 3.^3 

W from its static position when tlu^ crank is horizontal 
and Xi is at its center position. Applying the conditions foi- eciuilibriuin 
and simplifying, we find the ecpiation t-o be 



or 


W <fx2 

— .ri) = 0 

g dU 


(j dt^ 


+ kx2 = kxi 


or, by substituting equation 3*35, 


11 ^ d'^X2 

— -f 1 ^x 2 — kx() cos pI [3 *31)] 

g 


If we let kxQi = F, equation 3 • 36 reduces to 

W d% 

-p _ p j,{ [3 *37] 

g dtr 


Equation 3*37 is, therefore, the equation used for determining the abso- 
lute motion of the vibrating body with the force applied to the support.. 
This motion will be the same as where the force is applied to the wc'ight,, 
providing the forces are the same. 

If kxoi is substituted for F in equation 3 -33 and reduced, we have as 
the solution for the absolute motion of the weight 


1 


X2 ~ X'oi 



cos pt 


[3*38] 


Illustrative Problem. Find the amplitude of a weiglit in a measuring instru- 
ment represented by Fig. 3-13. The weight W is 2 lb, and the spring has a 
spring constant equal to 10 Ib/in. The amplitude of displacement of the sup- 




60 


DAMPED VIBRATIONS 


jKjrt is I in., and the frequency is 1150 cycles/min. What is the relative motion 
between the weight and the support? 

Solution. The natural frecpiency is determined as usual; 


/ = 


m Ikg 

27r\W 


60 /T0(38^ 

2x \ 2 


= 420 cycles/min 


The amplitude of the weight W 2 is now determined from the solution of the 
basic equation as given by equation 3-38; that is, 



-0.0193 in. 


The relative motion between the support and the weight is 


(.ro 2 - = (-0.0193 - 0.125) - -0.144 in. 


These may be added arithmetically because there is no dami)ing and the two 
terms are therefore in phase or 180° out of phase. 

For the motion ^* 02 , the negative sign indicates the motion to be opposite 
the displacement .roi of the support, or, in other words, the force leads the 
motion of the weight by 180°. The amplitude of the relative motion would then 
be the sum of the absolute values of the two relative motions, or 0.144 in. as 
indicated. 


3 ‘12. Force on Weight Var 3 dng with the Frequency. When a par- 
ticular instrument or machine is to be operated over a wide rang(^ of 
speeds, it is desirable to include the (diange in the force with the speed. 
The general solution, given by ecpiation 3-33, can be used if 


F = 


Wr 




y 


wlurre IV r — weight of imbalanced rotating mass in pounds 
R = ecciui tricity of unbalance weight in inchcis 
V = rotating frequency in radians per second 

The result will be 



[3-39] 


where W = total vibrating weight in pounds. This equation may be 
represented graphically by Fig. 3*14. The three important regions are 
still maintained. At low speeds, where the ratio v/o)n is much less than 
one, the displacement of the weight is also less than the radius of the 
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unbalanced mass. Near the natural frequency the amplitude will again 
approach infinity, but above this speed the amplitude will decrease and 
approach R. For unbalanced rotors this may be interpreted as follows: 



At the low ratios, the rotor tends to rotate near the geometric center and 
in phase with the force; but above the resonant speed it tends to rotate 
about the center of the mass, which is a distance R from the geometric 
center. The force now leads the displacement by 180°. 

3*13. Relative Motion of a Weight and Support. When the support 
moves over a range of speeds and impresses a force on the system, we 
can look back to equation 3-38 to get the absolute amplitude of the 
mass. This value is of little interest to us. For measuring vibrations 
we are more interested in the relative motion between the support and 
the weight as this may be recorded easily. This relative motion is given 
by the equation 


0*2 ~ O’! = .ro 



cos vf 


Xq cos vt 


[3-40] 


The amplitude will therefore be 



^2 - 0^1 = Xq 


[3.41] 



02 


DAMPED VIBRATIONS 


A pencil or stylus fastened to the weight may be made to mark on a 
paper fastened to the frame as shown in Fig. 3*15. Thus for measuring 

the amplitude of displacement it is desirable 
for the mass to stand still w^hile the frame 
moves wuth the vibrating member. In sec- 
tion 3-11 it wns found that the motion of 
the mass w'as very small w^hen v/i^n was very 
large. Instruments based on this principle 
are known as mec^hanic^al vibrometers. 

It is also possible to adapt a system such 
as is show^n in Fig. 3 - 15 to measure accelera- 
tions. Equation 3 -41 can be written as 

X2 - Xl = 



~ 

1 -] 

1 - 

-(-Y 


\02n/ 


Fig. 3-15. 


The expression X{)P“ is in reality the accel- 
eration of the vibrating body to which the 
accelerometer is attached. Therefore, 


A = = {x2 — ^i)o 


['-( 

/ \ 2n 


\0in/ J 


[3 -42] 


Since is a constant for any parti(5ular instrument, the relative 
displa(;ement will be very nearly proportional to the ac^celeration pro- 
vided the value of p/o)^ if^ kept very small. This is possible by having a 
r(4atively stiff spring. 


Illustrative Problem. Solve for the relative motion in the example in section 
311. 


Solution. 

before. 


by substituting in e(iuation 3 '44 the same answer is obtained as 



—0.144 in. 


3*14. Shaft and Disk. The solution of the case where a variable 
torque is applied to a disk and shaft system, as shown in Fig. 2 * 7, will be 
the same as equation 3-20, except that a term (T cos vt) is added as the 
right-hand side of the equation. The general equation of motion for 
such a system wdll then be 

dH de 

I — + r )r kt6 — T cos vt 

de dt 


[3-43] 
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This equation is seen to be identical in form with equation 3 • 20. The 
solution can be obtained by substituting the appropriate equivalent 
symbols into equation 3-29. 


PROBLEMS 

3» 1. In Fig. 3*2 the w(nght W — 75 lb and is connected to a spring with a modulus 
k = 25 Ib/in. Attached to the weight, is a piston moving in a dash pot filled with a 
viscous fluid. The damping forc(? is directly proportional to the velocity of tln^ 
weight and is equal to 40 lb when the velocity is 3 ft /sec. Find: 

(tt) The damping constant. 

(/>) The natural frequency of damped vibration. 

(c) The natural frequency of undamped vibration. 

(d) The logarithmic (huTeimmt. 

(e) The critical damping valuta 

(/) The amplitude after one cytde if the initial amplitude' is 2 in. 

{g) The force tliat is exerted by the critical damping if thc^ velocity is 3 ft./sec. 

3*2. What will be the n'sults in jn-oblem 3*1 if the damping is changed to 20 lb 
when th(^ velocity is 3 ft/s<^c? 

3 •3. A body W'eighing 15 lb is suspemded from a spring with a constant k = 5 Ib/in. 
A dash pot is attached to th(' weight. It produce's a n'sistanci* of 0.03 lb at a velocity 
of 1 in. /sec. What is the frequency of the system? What is tin' ratio of two con- 
si'cutive maxima? If the ma.ss is displaced 2 in. and rel(‘as(‘d, what is the am[)litud(i 
10 cycles latc'r? 

3*4. A W(‘ight of 200 11) is mounted on sj)rings so that th(* static deflection is 1^ in. 
.\s it is desirable to know some of tin* damping characteristics f)f a slux^k absorber it is 
(;onn(xd ed to t lu; mass and to the fixed support. Tht' mass is t hen d(‘flect(‘d 1 in. and 
rehiased. At the beginning of the s(*cond cycle the amplitude is 0.73 in. If the damj)- 
ing is proportional to the velocity, what is the value of r//\. and r? Do iu)t make; anj^ 
approximations. 

3*6. In Fig. 3-7 a wadght of 42 lb slitk's on the supporting suidact'. A coefficient of 
friction equal to 0.18 exists bc'tween the weight and tlu? surface. The spring has a 
spring constant equal to 50 Ib/in. What, is thi^ natural frecpiency? What is the 
amplitude at the beginning of the second cycle if the weight w'er<' originally displaced 
1 in.? What wdll it be at the Ix^ginning of the fourth cycle? 

3*6. A shock absorber with a damping ratio r/r^ = 0.00 is us(h 1 to dampen the 
vibrations of a mass weighing 340 lb that is supported on springs having a total 
spring constant k — 870 Ib/in. What is the ratio betw’cen the first and s(*cond 
amplitud(\s? 

3*7. A torsional system such as is show n in Fig. P3-7 
has a moment of inertia 7—8 lb-in.-sec“. The torsional 
spring constant of the shaft ki == 400 lb-in. /radian. If 
the torsional damping is — 25 lb-in.-sec/radian, what 
wdll the natural frequency l)e for this system? If the mass 
were displaced 12® and then released, what would the am- 
plitude be at the beginning of the se(;ond cycle? 

3*8. A weight W of 235 lb is supported on springs with 
a total spring constant k =* 960 Ib/in. A damping constant 
of r « 6 Ib-sec/in. is inserted bt^tween the weight and tin* 
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support.. If a force of 24 lb is impressed at a frequency of 100 cycles/min, what will 
be the amplitude of motion after it has reached a steady state? What will the am- 
plitude be for 24 lb at 400 cycles/min? For 1200 cycles/min? 

3 ‘9. What would the results in problem 3-8 be if r were changed to 2 Ib-sec/in.? 

3 * 10 . Set up th(^ equation of forced motion for a torsional system with damping as 
shown in Fig. P3 • 7. What are the units of the terms involved? What will be the 
steady state solution for th(^ amplitude? 

3 ‘ 11 . A weight of 76 lb hanging on a spring with a spring constant k — 115 Ib/in. 
has negligible damping. The weight includes a motor with an unbalance of 16 lb at a 
radius of 0.005 in. The motor runs at 1760 rpm. What will be the amplitude of dis- 

3 * 12 . A trailer weighing 1600 lb deflects its 
springs 8.75 in. It is driven over the surface of a 
road which may be assumed to lx* a sine wave. The 
amplitude of the road surfaces is 1.5 in. or the total 
movement from the bottom of the wave to the 
crest is 3 in. If the trailer is pulled at the rate of 
35 niph and tlui distance' betw(X‘n succeeding crests 
is 40 ft, what will Ix^ th(‘ amplitudt; of vertical dis- 
placement for the trailer? Assume linear motion 
throughout. 

3 * 13 . Set up the diffc;rcntial equation for the 
motion of the weight W in Fig. r3*13. 

3 - 14 . Using th(‘ equation deprived in problem 3-13 and the solution to the equation 
for the linear system, wrilo the expn^ssion for the amplitude' of displacement for the 
mass. 

3 * 16 . A disk with a moment of inertia / - 5 ll)-in.-s(x;^ is fastened to the end of a 
shaft with a torsional spring constant = 56 U)-in. /radian. A torsional damping of 
rt — 2 lb-in. -sec/radian act.s on tht; disk. Determine the following: 

(a) The natural frequency of danqxid vibration. 

{h) The natural fretjuency of undamped vibration. 

(c) The logarithmic decrement. 

{d) The critical damping. 

(e) The amplitude of displacement at the bt'ginning of th(', second cycle if the 
initial displacement is 10"^. 

3 * 16 . A periodic torque with a maximum vahu' To = 1500 lb-in. is applied to a 
disk with a moment of inertia / = 3.6 ll>*in.-.se(;^. The disk is connected by a shaft to 
a large flywheel with a moment of inertia that may txj coasidered infinite; so t he system 
is reduced to a simple shaft and disk problem. The steel shaft connecting the two 
masses is ^ in. in diameter and 52 in. long. What is the amplitude of twist in the 
shaft if the impressed frequency is 1390 cycles/min? 

What is the stress induced by the vibration? 

3 • 17 . In problem 2 • 13 the rubber has a damping 
ratio of r/r^ = 0.06. What will be the angular 
amplitude if an harmonic force with a maximum 
value of 30,000 lb-in. Is applied at a speed of 2000 
cycles/min? 

3 * 18 . A vibrometer shown in Fig. P3-18 has a 
period of free vibration of 2 sec. It is attached to 

a machine with a vertical harmonic frequency of Fia. P3*18. 



placement for th(‘ weight? 
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one cycle per second. If the vibrometer mass has an amplitude of f in. relative to 
the vibrometer frame, what is the amplitude of vibration of the machine? 

3 * 19 . An instrument for measuring accelerations records 30 oscillations/sec. Tlu* 
natural frequency of the instrument is 800/sec. What is tiu* acceleration of th(* 
machine part to which the instrument is atta(;hed if the 
amplitude recorded is 0.002 in.? What is the ampli- 
tude of the vibration of the machim^ parts? 

3 * 20 . A spring-mounted motor operates at 1700 rpm, 
and the unbalance forc(‘ sets up a c(mtrifugal force equal 
to one-eighth the weight of tlu' motor. The static de- 
flection W/k = 0.005 in. What i.s the ratio of the 
amplitude of forced vibration to the static defl(*c- 
tion? 

3 * 21 . In the Scotch-Yoke shown in Fig. P3-21 th(‘ 
crank is turning at a spewed of 500 rpm. Tlu; crank 
length is f in. The static tl(;fl(H^tion of th(‘ mass on 
the lower end of a spring attacluni to Scotch-Yoke is 
2 in. W hat is the amplitude of the forced vibration of 
the suspended weight? 

3 * 22 . When an accelerometer is attached k) a recip- 
rocating crosshead the amplitude of vibration recorded 
is J in. Find the maximum acceleration of th(‘ cross- 
head if the spring constant for th(‘ instrumemt. is A* = 10 Ib/in. and the suspended 
weight W = 0.20 lb. The speed of th(‘ engine' is 160 r])m. 

3 * 23 . A horizontal shaft rot-at;<*K in bt'arings at its emds. A disk weighing 225 lb is 
keyed to the shaft- midway b(‘ tween the bearings, but th(3 c(mter of mass of the disk 
is located 0.01 in. from the axis of the shaft. A static forct' of 1600 lb deflects the 
shaft 0.15 in. Neglect ihv weight of the shaft. ('alculaU'- the resonant speed of rota- 
tion of the shaft. If the speed of rotation is half tht^ resonant speed, calculaU^ the 
amplitude of steady state forced vibration. 

3 * 24 . A machine weighing 1250 Ib and running 1760 rpm is supported on four 
steel springs. The spring dimeiLsions are d = | in., /> = 4 in., and the number of 
coils n = 10. G = 12,000,000. The rotating mass weighs 200 lb, but the cenk^r of 
gravity is 0.005 in. from the center of rotation. What is the amplitude of vibration 
for the machim^? What is the force transmitted to the foundation? 

3 * 26 . The simple disk and shaft system, such as is shown in Fig. PS- 7, has a 
periodic torque* T To cas vt applied to the disk. Derive tht* equation for the angu- 
lar displacement of the disk from its equilibrium position, assuming that the steady 
state conditions have been reached. 






CHAPTER IV 


VIBRATION OF SYSTEMS WITH SEVERAL DEGREES OF 

FREEDOM 

4*1. Introduction. The pic\ious chapters have dealt only with the 
simpler types of vibration systems where the mass of the s 3 ^stem was 
considered as concentrated at one point and the spring or elastic member 
wa.s bf^twc^en tlie concentrated mass and su])port. The large number of 
problems which (‘an be solved by such a simplified system justifies the 
attention given to it. There is, however, the broader field where there 
are man^^ masses connected by ehistic members. In such systems each 
mass can move independ(uit of the other masses, and the system is said 
to be one of several degree's of freedom. Inasmucih as the solution be- 
comes increasing!}^ difficult as the number of masses or dc'grees of free- 
dom is incH'ased, different methods of approa(‘h are required in the solu- 
tion of practical problems of this type. These methods often involve 
approximations. The following discussion covers the analyti(‘al solution 
of common cases of se\’ei’al degree's of freedom. Illustrations are given 
for tabulation and graphical methods of obtaining solutions to problems 
of this tyi)e. A later chapter will deal with the mobility method, which 
offers another means of solving problems of several degrees of freedom. 

4-2. Disk and Shaft Problem with Two Degrees of Freedom. A 
simple type of problem which has two degrees of freedom is that repre- 
sented by Fig. 4*1, where two disks having a mo- 
ment of inertia /i and 1 2 ai-e connected by an elastic 
shaft having a spring constant kt. If this shaft is sup- 
ported in bearings having no friction and the disks 
are twisted with respect to each other, the system 
will vibrate when the disks are released. Our im- Fia. 41. 
mediate problem is to find the frequency of vibration. 

The system shown in Fig. 4-1 differs from that shown in Fig. 2-7 in 
that the disk 1 2 in Fig. 2-7 was of infinite size. In that example we 
assumed that the support had no motion. In the pi'esent example both 
disks will move. Considered from an energy standpoint, the vibration 
will consist of a transfer of energy from the shaft to the disks and vice 
versa. Since energ}^ can be stored in the shaft only as a result of rela- 
tive motion of the system, it follows that the motion of the two disks 
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must take place with the same frequency and in opposite directions. If 
either disk has a fixed frequency of vibration it will behave as the simple 
system shown in Fig. 2*7. There will then be one point on the shaft in 
Fig. 4-1 which will not move. This point is called the nodal point. If 
we assume that Li is the distance from this point to disk Ii and L 2 is 
the distance to / 2 , we can write that 


L — Li + L2 


[4-1] 


Also since this point stands still, the shaft section Li and disk Ii will 
behave exa(?tly as the simple system) shown in Fig. 2*7. The natural 
frequency of this system will then be (see equation 2*39) 



[4*2] 


The natural frequency of the system to the right of the node will be 



[4-3] 


Since tliese fr(H|uencies must be ecpial, we can write that 


-\/- = 
2t ^ h 


or 


h 

h 


2t 

kti 


l k(2 

h 


[4*4] 


Since' the spring constant for a circular shaft can be WTitten in the 
ird^G e . 

geimral form kt = = — , w^here C is a constant for a uniform shaft. 

32L L 

we can wTite that 


kti = 


£. 

Li 


kt2 = 7 ~ 

Upon substituting these values in the equation above w^e have 

h 

L 2 


[4-5] 
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Substituting in equation 4 • 1 and simplifying, we would have 


giving 


U = 

L 2 = 

32 L 2 " 


hL 

Ii + h 

hL 

h + h 

irdHl^h + h) 
321 1 L 


[4-6] 

[4*7] 

[4*8] 


Since the frequency of both sections is the same we can write that 

l_ U Hl{h~Vh ) 

^ '32hhL 


[4*9] 


Illustrative Problem. If Ii — 4000 Ib-in.-secr, I 2 == 1000 ll)-in.-sec^, the 
length of the steel shaft is 20 in., and the dianietea* 2 in., determine tlie natural 
frequency of the system. 

Solution, From equation 4 • 9 we find that the frequency is given by 


1 lirdH/ih -}- J 2 ) 

“ 2 ^^' 32IJ2L 

= JL 1^(1 9^ ) (400^ 4- 1000) 

~ 27r V 32(4000)1000(20) 

= 5.46 cycles/see 


4*3. Three-Disk Two-Shaft Problem. Figure 4*2 shows three disks 
having moments of inertia /i, / 2 , and connected by two shafts having 
elastic constants ka and kt 2 > If 


represents the angular position of 
disk Ji, ^2 of disk hj and /S 3 of disk 


ka 


/ 3 , an expression for the equilibrium 
of each disk can be written. Since 


Ii 



damping is neglected we can write ^iq 4 2 

that the sum of the torque on disk 1 

and the inertia force must be a constant. The torque on the disk will 
be given by the spring constant times the angle of twist or kaiPi — ^ 2)7 
where kn is the spring constant for shaft 1. The expression of equilib- 
rium for disk 1 would be 


, d% 


+ — ^ 2 ) = 0 


[4-10] 
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A similar expression can be written for disk 2. For this disk the torque 
from both shafts 1 and 2 must be taken into account. The torque on 
disk 2 exerted by shaft 1 will be opposite that exerted by shaft 1 on 
disk 1 ; it will be — kn {By — ^ 2 )' The torque exerted by shaft 2 on disk 2 
will be kt 2 (B 2 The sum of these torcpies plus the inertia torque 

of the disk must be zero. This expressed analytically would give 


dt^ 


^2 ~y.2 “I" ~~ ftO •“ kt\{B\ 


^ 2 ) = 0 


A similar expression for disk 3 W'ould give 


^3 ^/2(/^2 ~ 1^3) — 0 

dr 


Adding these, we have 


d% 


di^ 


+ h + h ■ = 0 


dF 


[4-11] 


[4-12] 


[4-13] 


The solution of these differential (‘quations can b(^ obtained by assum- 
ing a solution in the form 

/3i = yli COS ip^t + 7 ) [4*14] 


/?2 = ^42 cos (co/. + 7) 
== As cos {o)t + 7) 


[4.15] 

[4.16] 


If these values are substituted in equations 4 10, 4 11, and 4 12, the 
following expressions are obtained: 


liA\(x>^ — ki\{Ai — /I 2 ) = 0 

^2^2^^ 4" kt\{A\ — A 2 ) — kt2{^2 — ^ 3 ) ~ 0 
IsAs(j^" “h kt2(A2 — A 3 ) = 0 
Upon adding these equations we find 

lyAi A- 1 2-^2 + ^ 3^3 = 0 

From equations 4-17 and 4 • 19 we find 

ktiA2 


Ai = - 


- kti 

kt2^2 
Iso)^ — kt2 


[4-17] 

[4.I8J 

[4-191 

[4-20] 

[4-21] 

[4-22] 
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If equations 4-21 and 4 -22 are substituted in equation 4-20 and the 
result simplified, we have 

bMi ^4 _ \bh+Jih + bk±I^h] jz 
kiikt2 L kt2 J 

+ ( 7 i +/2 + / 3 ) =0 [ 4 - 23 ] 

This equation can be solved for a> by first sohing for or. 

Illustrative Problem. Determine the natural frequencies for a tliree-mass 
system, where 

1 1 = 45,700 Ib-in.-sec*^ 

1 2 = 1180 ll)-in.-secc 
h = 30,200 Ib-in.-see" 

kti — 3.45(10') in.-lb/radian 
ki 2 ~ 5.78(10®) in.-lb/radian 

Solution. From equation 4-23 we would have 


45,700(1180)30,200 , [" 45,700(1180) + 45,700(30,200) 


3.45(107)5.78(10®) 


3.45(107) 


1180(30,200) -h 45,700(30, 


5.78(10®) 


30,200)1 , 

CU- 


- -f 45,700 + 1180 + 30,200 - 0 


0.82(10-ba?^ - 44.0o;2 + 77,080 = 0 
0 )^ - 53.6(10^)01“ -f 9.4(10®) = 0 
, 53.6(10<) ± \/t53.6(104)? _ 37 . 6 ( 108 ) 


53.6(10^) d= 10 V53.()2 _ 37 g 


0)2 = 53.4(10<) and 20(10^) 
0)1 = 731 radians/sec 
0)2 = 44.7 radians/sec 


/l = ~ 0)1 

^ 27r 


7.31(10^) 


116 cycles/sec or 6960 cycles/min 


1 44.7 

/2 = — o>2 = = 7.11 cycles/sec or 427 cycles/min 

2ir 27r 
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4*4. Two-Mass Two-Spring System. One type of .system frequentl.v 
encountered in connection with vibration absorption is shown in Fig. 4-3. 
In this particular case it is assumed that a forced vibration F sin vt is 
applied to weight Wi. The displacement of weight IFi from its equi- 
librium position is designated by x\\ likewise, X 2 represents the dis- 
placement of the weight W 2 from its equilibrium position. By writing 
the equation of equilibrium for the weight IF 2 , we should 
have upon simplification 



W, 



Fig. 4 - 3 . 


W2 d^X2 

g di 


2 + h2{X2 


xi) = 0 


[4 •24a] 


A similar equation can be written for tlie weight ITi, giving 


IT i 

g ~df 


+ kiXx + k 2 {xi — X 2 ) = Fsin vt [4*246] 


The equation for the natural frequencies for this sys- 
Uun can be determined as in the previous section. It is 


(fei + /C2) A*2g 

Wx W 2 




The positive values of w, which are roots of this equation, are the natural 
frequencies. Thus, with no damping then* are two frequencies at which 
the amplitude becomes inhnite. Figure 5-19 illustrates the amplitude 
of W X for one set of conditions. 

It was shown in the previous chapter that when there is only a very 
small amount of damping the transient part of the general solution even- 
tually approaches zero, leaving only the steady state term which is the 
particular integral. 

It can be shown that the steady state solution for displacement will 
be obtained by substituting 

= ^01 sin vt 
X 2 = X 02 sin vt 


in equations 4 • 24a and 4 • 246. 
the amplitudes l)ecome 


(^X + ^2 


When reduced and solved simultaneously, 





a:oi = 


[4-26] 
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or 


^01 = 


Ti - — 
L 


ki 


k2 ^^1 
]+ 1 
L ki C0nj_ JL 


,.2 -1 


and 


0>no^ 


k2 

h 


F 


^’02 — 


ki 


k2 v" 

’ + 7 2 

ki (j)n^ 


Wn/j 


/C2 


[4-27] 


[4-28] 


Ihg , Ihg 

= A / — and tUn, = \/ — . 
^ ^Wi ^ ^W2 


where con 


The applications of these equations are discnissed in Chapter V, under 
vibration absorbers. 

4*6. Three-Mass Two-Spring System. The three-mass system as 
, shown in Fig. 4 • 4 corresponds to the 

Ko r— I 


W, 


k, 


PWWWH 


w. 


h/W\/\^ 


torsional system shown in P4g. 4*2. 
The solution can be obtained by 
following the method outlined in 
sections 4-2 and 4-4. The natural 
frequency can be calculated from the following equation which is similar 
to 4-23: 


Fig. 4-4. 


TF1TT2TF3 

fkik2 


W1W2 + WiW. 


g% 


3 W2W3 + w^w■. 


2 

4“ 


ir, + 14^2 + 41^3 
+ _J ? ? = 0 [4-29] 


Systems of still higher degrees of freedom c^an be solved in a similar 
manner. As can be seen from comparison of equations 4-9 and 4-23, 
the addition of another degree of freedom increases the difficulty of 
solution. Although equations can be derived by these methods for such 
cases, the mobility method given in Chapter VII is to be preferred, and 
for systems of several degrees of freedom reference should be made to 
this method. 

4-6. Tabulation Method for Torsional Vibrations. In analyzing tor- 
sional vibrations it is usually convenient to reduce the system to an 
equivalent shaft which has the same ability to store potential energy as 
the original system. At the same time all the masses are reduced to 
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equivalent disks that have the same mass effects as the original system. 
This is discussed in detail in (Chapter VI. The resulting e(pii valent sys- 
tem consists of several disks mounted on a shaft, such as is shown in 
Fig. 4 '5. Several convenient, practical methods have been proposed 


— 

fctl 


kt2 

rn 

kt?, ktn — \ 

- 

A 


h 

- 

h 


Fig. 4-5. 


for determining the natural torsional frequencies of such s 3 ^stems. A 
tabulation method proposed by Holzer is often used to obtain the 
natural frequencies and the relative elastic curve. 

The equations for a torsional system may be determined from New- 
ton^s laws of motion so that at the natural frequency the elastic torque 
and inertia tonjuc^s are in equilibrium. This can be done either by the 
method given in section 4 '3 or by a direct application of the condition 
for equilibrium 

= la 

When a system su(;h as is shown in Fig. 4 5 is vibrating freely, no 
external periodic torque need be applied to maintain the vibration. 
U'hus the disks move relative to one another with relative inertia torques 
applied between disks, but the total of all these internal torques must 
be zero, giving 

w/a = l\a\ + / 2«2 "■!"•*'+ InOCn = 0 [4*30] 

The angular acceleration is given as 

a = lloj" 

where (I — maximum relative angle in radians 
oj = frequency in radians per second 

This reduces equation 4 • 30 to 

(1 101 + l202 + * • • + In0n)o)^ == 0 [4*31] 

To solve this equation it is necessary to obtain some relationship 
between the maximum angles of vibration. To do this, the angles of 
motion may be measured in terms of one particular disk. It is co^i- 
venient to start analyzing from one of the end disks. In this case 
assume that all angles are measured in terms of 0i. Now disk /i causes 
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3i. As this is the only torque applied to shaft 
in this shaft is Thus 
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This arialysin may be continued until 

ffn “ 0n~\ ~ U\0\ + ^202 + * • * + /n— [4-34] 

These values for the angles can then be reduced to some multiple or 
fraction of 0\, If these reduced values are substituted in equation 4-31, 
fii can be factored out and, since it is not zero, the equation can be 
divided by it, thereby eliminating /Sj. It will, however, be necessary to 
leave 0i in the equation and take it as being one radian. This reduces 
the problem to solving an algebraic*, equation of higher degree. It is 
most convenient to solve problems having more than four masses by 
making successive approximations. This leads to the use of the Holzer 
tabulation method. With this method it is convenient to set up a table 
that is divided into eight columns, such as Tal)le 4*1. The values given 
for the system shown in Fig. 4*0 are listed in Table 4 1. 

TABLE 41 

Holzeh Tabitlation fob Torsional Systems 


CO - 2335 = 5,450,000 


1 

2 

3 

4 

5 

G 1 

7 

8 

Item 

I 

Jor 


IixTft 

Zlor^i 

h 

f 270.2/3 

kt 

1 

0.18 

0.981(10") 

1 

0.981(10") 

0.981(10") 

7.02 (10") 

0.140 

2 

0.18 


0.860 

0.844 “ 

1.825 “ 

6.11 

0.299 

3 

0.18 


0.561 

0.550 “ 

2.375 “ 

7.02 “ 

0.338 

4 

0.18 

. ( 

0.223 

0.219 

2.594 “ 

8.08 

0.321 

5 

4.96 

27.0(10") 

-0.098 

-2.645 “ 

-0.051 

0.0177 “ 

-2.88 

6 

91.6 

499(10") 

+2.78 

1390 “ 

* 1390 “ 

i 



The first column gives the item number. The second column lists 
the moment of inertia of the masses as numbered in the first column. 
A value of the frequency in radians per second must be estimated, and 
then column 3 can be determined by multiplying I by Column 4 
starts out with the value 0\ — \ radian, but after that it is equal to the 
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preceding value of ^ minus the corresponding value of column 8, which 
gives the relative angle. After column 5 has been calculated all the 
existing values of column 5 are added to give the value of column (>, 
which is the numerator in the hist term of equation 1*34. Column 7 
lists the values of the torsional spring constant for the shafts in the sam(^ 
order as the masses are numbered. Column 8 may now be determined 
by dividing column () by the value of the spring constant, in column 7. 
It represents the relative angle between the two masses. This term in 
column 8, wdien subtrac.ted from the value in column 4, gives the angular 
position of the next disk. The values are then found for this disk, then 
the next, and so on, until the last value of column () has been determined. 
Thus the relative angles may be determined, and the torque on each 
shaft may be evaluated. 

If the value of oi assumed at the beginning is a natural frequency, the 
last term in column 0 should be 0 to satisfy efpiation 4-31. This was 
shown to be necessary in order that the momcmt of momentum for the 
system should remain constant. For practical purposes the value of the 
last term need be only near 0. If it is not near 0, another value of co 
must be assumed. In the illustrative table the value is very large. 
Actually it is nilatively closer to 0, for a change of w to 2330 brings the 
total in column () very close to 0. By plotting the values of o) and the 
last term in column 6 from several trials, it is possible' to determine more 
rapidly w^here the last term will be zero. This process may be repeated 
until all the natural frequencies have^ been dete^rmined. The first natural 
freciuency is found when the values of pass through 0 only once, the 
second when it passers through twi(;e, the third three times, etc. The 
values of ^ may be plotted at their corresponding point.s along the shaft 
as shown in h4g. 4 • 6 to give the elastic curve. This indic^ates the rela- 
tive movement of the disks or parts of the system. The node wall be 
at the point where the elastic curve crosses the axis. One frequency wall 
always be zero, but this has no interpretation other than that all disks 
rotate together wdth no relative motion. Counting zero as a natural 
frequency in a torsional system such as this, the number of natural fre- 
quencies will be equal to the number of masses. 

Without an approximate answer to start with, the solution of a 
multidisk and shaft problem becomes very difficult. Approximations, 
therefore, are made that will enable one to try reasonable values for the 
frequency. This is done by grouping several disks together. In Fig. 
4-6, for instance, /i, / 2 , h, A, and are added together to give one 
mass. Since is much larger than any of the others, the shaft extends 
approximately to this disk, as shown in Fig. 4.6?;. This gives a two- 
mass system which will yield the first natural frequency. Another ap- 
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proximation could be made by combining /i, I 2 , h, and I 4 into one disk 
located between 1 2 and I^, This system would be a three-mass system 
as shown in Fig. 4-()c and could be easily solved. Since Iq is so large 
compared to the rest of the system and is connected to the rest of the 
system by a relatively long shaft, the combined mass and might be 
considered alone as a two-mass sytem. The values obtained by these 
methods may now be used as a starting point for the tabulation method. 



4*7. Application of Tabulation Method. Facility in use of the tabu- 
lation method can only be obtained through practice and experience. 
The best way to arrive at a starting value is through approximations as 
outlined in the previous section. Once starting values have been selected 
a plot of residual torque or the final value of can be used as a guide 
to selection of new trial values. Kgure 4 * 7 shows such a plot. Generally 
a different scale is needed for each frequency since the value of the re- 
sidual torque increas(3S quite rapidly with the frequency. Figure 4*8 
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shows a plot of residual torque versus w for the second critical specnl 
indicated in Figure 4 -7. In both cases it can be seen that a small change 
in frequency in the vicinity of the natural frequency results in a large 
variation in the magnitude of the residual torque. 

Another type of curve helpful in checking results and in obtaining a 
better understanding of vibration systems is shown in Figure 4 0. 
These are the elastic curves for the three natural frequencies. They are 



a plot of the angle 0 for the various masses at the natural frequency. 
Figure 4- 9a shows that the first mode of vibration, or lowest natural 
frequency, occurs with masses Ii and 1 2 vibrating in one direction and 
masses /a and in the other. The second mode or second natural fre- 
quency has a normal curve as shown in Fig. 4 • 96. In this case masses 
/i and /4 vibrate together and oppose I 2 and In the third mode, as 
shown in Fig. 4 • 9c, there is a node between each mass. 

The calculations used in obtaining these curves are the same as de- 
scribed in the previous section. Table 4*2 shows a calculation for the 
second natural frequency which is too low. Table 4-3 shows a calcula- 
tion giving a value very close to the natural frequency and Table 4-4 a 
calculation above the natural frequency. By plotting values of residual 
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toniue for such calculations against co as was done in Fig. 4*8, a reason- 
ably accurate value can usually be found with only two or three calcula- 
tions. If a normal curve is desired, a calculation has to be made at a 
value very close to the correct to give the true value of '0. 
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TABLE 4 3 


UJ = 5% == 0.355(10*^) 


1 

2 

3 

4 

5 

() 

7 

8 

Item 

1 






kt 

1 

2 

0.710(10«) 

l.(X) 

0.710(10“) 

0.710(10“) 

0,1(10“) 


2 

1 

0.355(10“) 

-0.10 

-2.102(10“) 

-1.452(10“) 

0.2(10“) 


3 

4 

1.42(10“) 

4-1.10 

+ 1.045(10“) 

+0. 1<)3(10“) 

0.1(10“) 


4 

1 

0.355(10“) 

-0.77 

-0.280(10“) 

-0.087(10“) 







TABLE 4 4 






CO = 

= 010 


= 0.371(10“) 



1 

2 

3 

4 

5 

0 

7 

8 

It (‘111 

I 

/co2 

li 



A'f 

- 

kt 

1 

2 

0,742(10“) 

1.0 

0.742(10“) 

0.742(10“) 

0.1(10“) 

7.42 

2 

1 

0.371(10“) 

-0.42 

-2.382(10“) 

-1.04(10“) 

0.2(10“) 

-8.19 

3 

4 

1.77(10“) 

1.77 

2.03(10“) 

1.00(10“) 

0.1(10“) 

10.0 

4 

1 

-8.23(10“) 

-8.23 

-3.0.5(10“) 

-2.05(10“) 




4*8. Tabulation Method for Linear Vibrations. The tabulation 
method used for torsional systems can be easily adapted to such linear 
systems as are shown in Fig. 4 10. ( )nce displaced no external forces are 


|-n/WW\AAAM»^lV\/^ UN 


Wn 


Fig. 4.10. 


needed to maintain the vibrations, and so the sum of the inertia forces 
must be zero. Therefore 


Wj, 

9 


Oj + 


TF2 

— a2+--- + 

9 


9 


o„ = 0 
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This reduces to 


rw^i W2 ^ Wn 

Xi H X2 H 1 Xn 

I (j g g 

The displacements of all the masses can be measured in terms of the 
displacement of the first mass as was done in the torsional system. A 
table, therefore, may be made to solve for the frequencies of the system. 
Dudley uses this method to solve for the frequencies of longitudinal 
vibration in a train of cars.^^ One trial value for a train of four cars and 
an engine is given in Table 4 • 5. 


0,2 = 0 [4-35] 


TABLE 4-5 

Holzer Tabulation for Linear Systems 
O) - 8.79 0)2 - 77.2 


1 

2 

3 

4 

i 

5 

0 

1 

7 

1 

8 

item 

W 

9 

ir , 

CO 

9 

X 

If , 

9 


k 

gk 

1 

777 

60.0 (10*) 

1.00 

oo'.o ( 10 *) 

60.0(10*) 

150(10*) 

0.400 

2 

117 

9.03 

1 

0.600 

5.4 ‘‘ 

65.4 “ 

100 “ 

0.654 

3 

117 

9.03 ‘‘ j 

-- 0.054 

-0.49 “ 

64:9 

100 

0.649 

4 

388 

30.0 “ 

-0.703 

-21.1 “ 

43.8 “ 

100 “ 

0.438 

5 

388 

30.0 “ 

-1.141 

-34.2 “ 

0.6 “ 




Columns 1 to 4 have the same significance as those in Table 4-1. 
Columns 5 and b represent the individual and total fon^es acting on the 
system. It is iKHiessary for the last, term in column 0 to be 0 in order 
that e(iuation 4*35 will be satisfied. Column 8 represents the displace- 
ment between masses. Thus the linear and torsional systems correspond 
very closely. 
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PROBLEMS 


AWWWWVWWSWW 


A;i«1.71b./in. 


TTi^Slb. 


m«2lb. 


Fig. P4*1. 


4-i. Determine the natiirf*.! frequencies of a two-mass system such as is shown 
in Fig. P4-1. 

4*2. A particular system is reduced to a two-mass two- 
spring system as shown in Fig. 4 • 3. The first mass weighs 
260 lb; the second weighs 185 lb. The first spring has a 
spring constant k\ — 730 Ib/in., and the spring between 
the masses hjis a constant A-2 = 215 Ib/in. What are the 
natural frcH^uencies? 

4*3. In a three-disk system such as is shown in Fig. 4 • 2, 
h = 26, 7*2 = 38, and h — 18 Ib-in.-sec.^ Disks I\ and 
/•i are separat(‘d by a shaft 2 in. in diametc'r and 16 in. 
A:2**1.6 Ib./in. long, wla^nias I 2 and /a are separat'd by a shaft in. in 
diameter and 12 in. long. What are the natural frequencies 
of this sysk^in? 

4*4. A disk with a moniiuit of inertia I\ — 4.8 lb-in.-s(‘C“ 
is conmHded by a stepped shaft to another disk with a 
moment of inertia I 2 = 2.8 ll>in.-sec“. The? larger portion 
of t he shaft is 1 in. in fliameten and 14 in. long and is con- 
nected to disk /i. The remaining portion of the shaft is f in. in diameter and 6 in. 
long. What is the natural frequency of this system? 

4*6. A system reduccjs to a two-disk system as showui in Fig. 4 • 1 with I\ = 12 Ib- 
in.-sec^ and Li — 4.2 lb-in.-s(‘(!.‘^ The? unit diameter steel shaft connecting the' two 
elisks is 6.8 in. long. What is the natural freejue^ncy e)f this syste'in? 

4*6, The torsional vibrations in a raelial e'ligine* 
can lx? found by rexlucing the pre>peller, connecting 
I’oels and pistons, aneJ supercharge ;r to e(|uivalent 
disks by me?thods e?xpiaine;d in Chapter VI. For 
one particular airplane* the* equivalent elisk and shaft 
system is shown in Fig. P4-6. Ii — 90, /2 = 12, 

7.3 = 4 lb-in. -sec‘'^. The? elasticity of the shaft Ix?- 
tween the prope'lle'r 7] anel the erraiik 1 2 is kn = 

6 X 10® lb-in. /radian, whereas for the e>ther shaft 
kt 2 = 0.4 X 10®. What are the* natural freque*ncies 
for torsional vibration? 

4*7. Show how^ e?quat,ion 4-29 fe)r a three*-mass and two-sjiring syst.e?m may be* 
re'diicoel to e?quation 4 -25 fe)r a tw'o-mass and tw^ex-spring syste?m. 

4*8. Three weights on a frictiemless support are se?parated by two springs. The* 
woights are IFi= 25 lb, W 2 = 13 lb, and Wz = 32 lb, and the spring constants are 
ki = 245 Ib/in. and A2 — 160 Ib/in. Wliat are the natural frequencies for this system? 

4*9. The elevate)i*s on a plane are rigidly connecteel by a hollow^ aluminum tube. 
This system can be approximated by a two-disk and shaft system. If 7i = 72 = 5.2 
lb-in. -sec^ and the tube has a polar moment of inertia of 0.038 in.*^ and is 70 in. 
long, determine the natural frequency of the system in cycles per minute. (Use 
G « 3,800,000.) 

4 • 10 . Draw a (?urve for residual torque for the region from zero to 1 0,000 cy cles/min. 

4 * 11 . Draw^ the normal cuiwes for the two natural frequencies of problem 4*6. 

4 * 12 . Derive equation 4-25 starting with equilibrium cq\iations 4 •24a and 4*246. 

4*13. Write the equilibrium equations a}>plying to Fig. 4-4, and derive equation 
4-29. 




UL 


UL 


Fig. P4-6. 
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kti 



kt2 

n 

ktz 

ktA r 

_ 



h *- 



4*14. A small airplane engine and pro- 
})eller sysi(nn may be redu(;od to the sys- 
tem shown in Fig. P4 14, wlu^e /i = 10, 
h — h — h = /f, ~ 0.10 lb-in.-sec“, and 
kii 1.3 X 10®, kt2 = ktii == Am = l.h X 
10® lb-in. /radian. What is the funda- 
mimtal freqiKincy for the sysUiin? What 
is the second froqu(;ncy? 

4 'IS. A Diesel-driven moiorship driv(‘ 
reduces to th(5 equivaknit sysb'in of disks shown in i^’ig. P4 • 1 5, wh(.‘r(' 
/j = /g = 4(XX) Ib-in.-see- 

/2 = /r, = 3000 ll>-in.-s(Mr 


LJ/, 


Kui. P4-14. 


/7 

= 85,000, 

/s 

= 02,000 lb-in.-s(‘C' 

A/I 

= A>2 = A 

■/4 = 

= kr. = 000 X 10® 11 

A/;, 

- 410 X 

10® 

lb-in. /radian 

A'/r. 

- 470 X 

10® 

lb-in. /radian 

kii 

- 14.8 X 

10^ 

* lb-in. /radian 


Wliat are <iu‘ hrsi, fwo natural fr(‘qu<mcies for this torsional system? 


M 


ki2\ 


kt2 




km 


j *— * . — 

Ix “ h h 


ka 


h 

Fkj. P4 15. 


4*16. A l)i('S(4 motor-general or is r(‘duced to an (‘(luivali'iit system as shown in 
Fig. P4-l(), \vh(‘re 

/j 72 = /.'i - /i = /5 = /e = 3t)(X) Ib-in.-.see- 
/7 = 02,(K)0 lb-in.-S(‘C“ 

/« — 32,0(K) lb-in. -s(’C“ 

A’a = kt2 = A'm = A ', 5 = 820 X 10® lb-in. /radian 
ka = 010 X 10® U>-in./ radian 
kta ~ 580 X 10® lb-in. /radian 
A /7 = 11.0 X 10® Ilv-in. /radian 


{(i) Wliat is th(‘ lowest natural fr(‘qu(mey? 
(6) What is the .second critical spt;ed? 

(e) The third? 



Fm. P4 16. 
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4-17. One typical oil well pumping system reduces to an equivalent shaft and disk 
problem as shown in Fig. P4* 17. The equivalent sU^el shaft is I in. in diameter and 
of the huigths given, h^ind the natural frequ(;iicies by approximating with a two- 
mass system. With a three-mass system. 


] 930 


ii=0.077ffi7“9.8 

z,2=o.i6"y 

6 / 3 =3.3 


Li=h2 


-I A. = 7.8 

1,4 = 1.61" JL j^^o.28 
1,5=21.2'' 

3/5=10.4 


L6=36 


l/,= 4.2 
Fi(j. P4 17. 


4*18. What are the first and s(‘eond natural frequencies in probkuu 4' 17, deter- 
miruid by using the tabulation method? 

Li~0.14'V 

/,=/ 2=/,=/4 = 0.6 

Li= 0.20 " V 

r r~ 1/5=46.4 
L5 = 0.i6"# 4=1.0 




1 , 6 = 81 . 6 " jj 


Z/7 *=*3< 
L8=47, 


rSF-”- 

70=4.6 


3/7= 6.9 
= 0.13 


L9«81" 


i7io=1.8 
Fig. P4 19. 


4*19. A rnulticylindor engine drives an oil pumping unit and can be reduced to a 
disk and shaft system as shown in Fig. P4-19. The steel shaft is 1 in. in diamet(;r. 
What are the first, second, and third natural frequencies? 
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4 * 20 . A locomotive weighing 620,000 lb is pulling four box cars. The first car has a 
groas w(nght — 110,000 lb, the si'cond and third weigh 170,000 lb each, and tlu^ 
last one weighs 75,000 lb. The spring constant of the couf)ling betwe('n the locomo- 
tive and tlu^ first car is 190,000 Ib/in., and the remaining couplings have (‘lasticiti(‘s 
(Hpial to 130,000 Ib/in. What art^ the first and second natmal frequ(uicies for this 
system? 

4 * 21 . A refrigerating unit has the dimensions indicated in Fig. P4-21. The mot or 
compressor units an; (;ssentially similar in mass characteristics. ICach weighs 40 lb 




and has a moment of inertia approximaUdy equal to a cylinder 8 in. in diameter and 
12 in. long. The base weighs 20 lb, and each of the four springs has a spring coils!, ant. 
k = 50 Ib/in. Make what.(;ver assumptions and approximations are nec(;ssary and 
reasonable, and th(;n solve for the vertical frequencies and the two torsional rocking 
frequencies. How might the frequencies U; made more nearly equal? 




2L- 


<wy 


(wy 




Fig. P4 22. 


4 * 22 . (a) Set up the differential equat/ions nec(;ssary to solve for the natural fre- 
quencies and modes or different forms of vibration for the system represented in 
Fig. P4-22. 

(b) Solve for the frequencies. 

(c) Solve for the modes of vibration. 



CHAPTER V 


VIBRATION ISOLATION AND ABSORPTION 

6*1. Introduction. Since all moving machinery has some degrc'e of 
imbalance^, machines will set up fona^s whi(*h may be Iransmitb.^d to the 
supporting structure. These forces will produce vibrations in the 
machine and in surrounding bodies which may be manifested as noise or 
actual movement. Whether oi* not such noise or movement is objection- 
able will depend on the conditions under which it exists, as some equip- 
ment or people are more susceptible to vibration than others. Continu- 
ous noise and vibration cause fatigue and lower the efficiency of the 
worker as well as reduce the efficiency of the machine sin(*.e it must supply 
the energy of vibration. Claims have Ix^en made of increases in opera- 
tion efficiency of personnel and inacdiines as a result of vibration (elimina- 
tion. In the operation of some types of eciuipment siudi as instruments 
it is necessary to eliminate the vibration to insure propeer operation of 
the equipment. 

The vibrations mentioned in the previous paragraph may be divided 
into those traveling by radiation and those traveling by conduction. 
Radiating vibrations embrace sound and noise primarily. Conductive 
vibrations are transmitted by contact between bodies. There are, in 
g(meral, four ways to reduce the effects of vibration. The first is by 
elastic suspension. Springs, rubber, cork, etc., are placed between the 
machine and its supporting structure to reduce the effect of the vibration. 
The second is by using dynamic vibration absorbers in which an addi- 
tional elastic member with a mass is added to the vibrating system to 
absorb the energy that would otherwise be transmitted to the support- 
ing members. The third type of vibration prevention is the use of filters 
or screens such as mufflers which are employed mostly to reduce noise 
and sounds. The fourth is by removing the source of tlie vibration. 
This often involves a detailed experimental and mathematical investi- 
gation both to determine the cause and magnitudes of the vibration and 
to investigate methods of its elimination. 

6 -2. Elastic Suspension of Simple .Undamped Mass. The purpose of 
of an elastic suspension is to isolate the vibrating machine from the 
supporting structure. A system consisting of a weight on a spring and 
acted upon by a disturbing force (see Fig. 5*1) will be considered. For 
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simplicity the support is considered rigid. Although damping is small as 
in helical springs there is still sufficient damping prescmt to make the 
transient term drop out and leave only the steady state part of the 
solution as given by equation 3*30. If the disturbing force is Fj the 
component in one direction will be F cos vt. 

The forc(' transmittc^d to tlu^ substructun^ is due to the springV. 
deflection ancl as such is equal to kx cos vt. Th(^ 
usual crit(‘j*ion of the amount of isolation present 
is U‘rmed the transmissibility and is, in eff(‘ct, the 
ratio of t.h(' force on the substriK'tiin^ to the dis- 
turbing foj'ce. Thej*efor(\, the transmissibility is 




w 


T.R. = 


kx() c‘os vt 
F cos vl 


F 


[5-11 


Fig. 51. 


From ecpiation 3-31 vv(‘ found that th(' am[)litud(' of motion, x, was equal 


to 


F 


1 


- 

VcUn/ J 


tion factor 


so that the transmissibility is given by tlui magnifica- 


[5-2] 




1 “ 

1 

F\k) 

1 ~ 

■("Tl 

" ' - (-) 


- 

\wn/ J 


The same n'sult is obtaiiKHl for a weight that is to isolatc^d from the 
v ibrating structun' supporting it.. The displacement of the weight is 
givc'ii by ecpiiition 3 • 34 as being 

FT 1 1 


Obviously l.lu' dis})lacem(‘nt vari(*s with the magnification factor so the 
traiismissibilit}^ is given by the same fa(‘tor as before, i.e., 



The curve for the transmissibility is the same as for the magnification 
factor, Fig. 3*12. Actually, however, only the absolute motion is of 
interest so that all values are plotted as positiv^e, as in Fig. 5*2. 
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Several conclusions may be drawn from a study of this curve. First 
of all, at very low ratios of the forced frequency to the natural frequency 
the force transmitted is approximately equal to the disturbing force. 



This would correspond to the case wlu^n^ relatively stiff springs are used, 
and very little d(^flection would exist. As the ratio of the impnvssed 
frecpiency approaches the resonant speed, the force actually becomes 
greater until at the resonant speed it theoretically becomes infinite. 
Actually enough damping is prescmt to limit the amplitude. As the 
ratio of speeds is increased the magnitude of force decreases, and at a 



ratio of \/2 ; 1 the transmitted force again equals the disturbing force. 
Beyond this point the transmitted force decreases farther and eventually 
approaches zero. This last region is, therefore, the most desirable and 
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c()rr(\sponds to the case of relatively soft springs which will give a low 
r(\sonant sj)eed. Equation 5-2 gives a n(‘gativ(‘ transmissihility for 
\'alu(vs of the spec'd ratio above 1. 'J'he sign of th(^ etjuation is (changed 
to make tliis value jjositive in the region of good isolation so tliat it can 
b(^ used directly in solving problems. The equation then bcx^omes 

T.R. = [5-31 

_ 1 

\0)n/ 

The percentage of reduction of vibration may also be determined 
from the chart given in Fig. 5-3. One line may be used for the natural 
frequency if th(i static deflection is known. The remaining lines show 
what ck^flection is necessary to give a certain percentage of isolation, 
that is, (100 — T.R.) 100. Usually 80 to 95% isolation is sufficient; 
more than 98% is seldom required. The forced frequency p is taken 
as the lowc^st disturbing frequency. 

Illustrative Problem. A motor weighing 228 lb runs at 1760 rpm. It is to 
be mounted upon four springs in a test labf)ratory wliere it is desirable to get 
90% reduction of sliaking fon^e. What spring constant should the springs hav^e 
if tliey all carry cijual loads? What is the natural freciueiuy? 

Solution. The transmissihility is 10%. The known values may ))e substi- 
tuted in eciuation 5-3, which then can be solved for the natural frequency. 
Notice that the specids may be in any units ])rovided they are the same. 



N = 5t30 rpm 


The natural frequency is, therefore, 530 rpm. In Chapter II it was shown 
that the natural frecpiency depended only upon the static deflection. This 
means the static deflection can be found by substituting in equation 2*27 




m 

27r 



= 


/ 60 Y 

\ 27 r 530 / 


386 = 0.125 in. 
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Tlic .static deflection iimst l)e 0.125 in.; .so the .spring constant is 


F 1 228 

A " 4(().J25) 


450 Ih/in. 


The .same natural fnaiuency and .static deflection might have ])een found by 
referring to Fig. 5-3. If the di.sturbing force were known, the force transmitt(‘d 
to the motor foundation could then be calculated. 


5 ‘3 Elastic Suspension of Simple Systems with Damping. Sy.slcun.s 
cannot be tr(‘at(Hl a.s above' wIk'ii con.sidt'iabh' damping is pre.sent.. 
Th(' tran.smi.ssibility is again tlu' niea.sure of the force's tran.smitted, ])id 
the' force' transmitte'el is thei ve'edor .sum of the force due t-e) the .spring 
ele'fleeitiem and the fore'e due to the damping element. The dam])ing 
depends upe)n the velocity .so that it le'ads the displacemeuit by 90° and 

is {'(lual to )■ — = rvx coti vl. Tlio maximum total forco transmitted is 
dt 

\Tkxf + {rvx)- = rVli- + (rvf 

The amplitude' oc is the .same as that for force'd vibrations with elamf)ing 
as give'll by ('cpiatiem 3*32, i.e., 


X 


F 1 



This leads to the ti'ansmissibility expre^ssion 


T.R. = 


+ {rv)^ F 


V'/c^ + (rv)" 


T.R. 


F 


kF 


1 

2 

V i (• (j) fi y 

r 

/t'-' 


/ '-Y 

Tc Wn/ 


[5-4] 


This equation reduces to the magnification factor if the damping is 
set equal to zero. The'- effect of damping can best be shown by reference 
to Fig. 5-4. The effect of various amounts of damping are indicated. 
We can .see that bedow a frequency ratio of \/2 : 1 damping is helpful 
and particularly at re.sonant conditions. Above the ratio of \/2 : 1 
the damping is undesirable. From a practical viewpoint the damping 
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may be desira})le in this region if there is a possibility of operating at or 
frequently passing through revsonant conditions. The effects of damp- 
ing in this region are small and ma}^ be overcome by using a higher 

ratio of • 

Cai-e must l)e ex(T(dsed in using etjuation 5*4 since again the trans- 
missibility is negative' vvhtai the ratio is above 1 just as in the previous 



case. Actually little can be done witli the above analysis other than to 
genea-alize, for gerun-al data on damping factors are practically non- 
existent. Specific cases have'- been considered, but no general data are 
available, hlxpe'rie'nce anel ti'ial and error must be used. 

In se)me cases excessive amplitudes are prevented by adding auxiliary 
springs to the^ system. Tlu'se springs, however, do not act until the 
amplitude rexiclu's a de'finite^ va]ue\ Such spiings have the effect of 
stiffening the sysh'in, l)ut the characteristics are no longer linear over 
th(‘ (‘iitire ranges of ami)litudes. An analysis of su(;h a system with non- 
liiK'ar springs is beyond the scope of this book. For discussions of non- 
linear sju'ings refereiKX' should be made to Timoshenko or Den Ilartog.^® 

6 ‘4. Elastic Suspension on Non-rigid Support, The previous dis- 
cussion has assumed the floor 'or foundation to be rigid. Many floors 
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and siibstmctiires, however, are not rigid. It is more accurate to con- 
sider the system as a two-mass system, as indicated in Fig. 5-5, with 
the floor as a mass and also as an elastic member. Determination of 
the mass and elasticity of the floor is difficult. An oscillator may be 
us("d to determine the natural frequency of the floor 
as this is of importance in determining the vibra- 
tional characteristics to be us(d in the two-mass 
s 3 \stcm. In any case, the u'sults of these calcula- 
tions will not be very accurate. Experience is nec- 
essary to know how to handle these cases. 

5*6. Commercial T 5 q)es of Suspensions. The 
(plastic support for any machine must bo carefully 
desigiK'd according to definite rules. Experience, 
tog('ther with a knowledges of th(H3ry, is necessary 
to isolate a machine effectively. Not just anA^ elastic material or (luan- 
tity of it will do since an incorrectly d(\signed suspension may actually 
magnify the force transmitted. Because the (choice between A^arious 
materials or types of isolation is oftcai hard to make, some of the ad- 
vantages and disadvantage's of tlu^ more (tommon ones are listed. 

Mdal Springs. A A^ider range' of Aubrations can be isolated by mental 
springs than by any othe'r memis known. This is due to the large 
variation of deflections obtainable by changing dimensions and material. 



Adjustment Bolt 
Spring Housing 

Base Housing 

Alignment Screw 

Spring 

Comp. Plate 

Supporting — | 
Springs 

Isolating 
Material 



Fig. 5-6. 


Courtesy the Korfund Co., Inc. 


If one spring size does not work effectively it may usually be removed 
and another one put in. This is a gre^at advantage. It has been found 
that springs have the best stability when the working height is about 
1 to 1.5 times the outside diameter. For heavier loads several springs 
are grouped together into a unit (see Fig. 5'0) to give better stability. 
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Units of this type are available that will carry 16 tons. In this connec- 
tion it might be mentioned that masses weighing up to 450 tons have 
been satisfactorily isolated with springs. Metal springs are veiy reliabbj 
and are not particularly alha^ted by t(‘mj)ei‘ature, oil, or other conditions 
that would impair the continu(Hl opcu’ation of some other types. They 
have a very low damping coefficient so that little energy is lost. Because 



large amplitudes of motion may be encountei*ed while passing through 
the resonant conditions it is necessaiy for some t 3 q)es of spring units to 
incorporate adjustable (dements to give them a greater degree of damp- 
ing. Often, too, some form of stops is provided to limit the motion. 

One disadvantage of springs is that they transmit sound very well. 
To eliminate this difficulty, a la.yer of rubber or felt is often placed 
between the spring and the foundation, as shown in Fig. 5-6. All bolts, 
pipes, etc., connecting the machine and the foundation must be isolated 
to obtain the minimum noise and vibration. One typical application 
of springs for isolating a machine is shown in Fig. 5-7. 
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Rubber. Light machinery may b(i isolated very effectively with 
rubber. Rubber in compression (uirries (considerably heavier loads than 
rubber in shear but with much loAV(‘r deflections. Isolators with rubber 



CourU'Kf/ the H. F. (ioodruh (’'<>. 

Fic. 0*8. 


in shear are particularly desirable because of the greater deflections pos- 
sible. Two tyj)ical examples are the sandwi(*h type shown in Tig. 5*8 
and the tube form shown in Fig. 5*9. They giA'o considerable deflection 

in the vertical direction but very little in the 
lateral because the rubber is then in com- 
prcission or tension. Rubber in shear follows 
Hookers law approximately if ttie loads are 
moderate but deviates considerably undccr 
compn*ssion. 

Likevvis(c the dynamic pi'opertucs may vary 
corisid(a‘ably from the static properties. For 
instance, the stiffness of the harder com- 
pounds under dynamic load may approach 2 
times the stiffness of the same rubber com- 
pound under a static load, but for the 
compounds more generally used it is below 
1.25. The damping properties vary with the 
load, temperature, and frequentcy. Rubber 
serves very well to isolate the high frequen- 
cies of sound so that if no direct metal 
contact is made between the macMne and 
the floor little high frequency vibration or 
noise is transmitted. Although the damping is not great enough to 
prevent excessive stresses or amplitudes, it is possible to incorporate 



Caurteny Lord Manufacturing Co. 

Fig. 5-9. 
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rubber slops to limit tlu^ motion without excessive shock. The loading 
influences the expected life of the mbber; heavy loads causes destruction 
much faster than light loads. High-grade rubber properly protected 
may be (ixpeched to last 5 years and frequently 10 years. 

Because of the great variety of isolation available, little can be said 
about its application. Iteference should be made to manufacturers’ 
ratings when rubber isolators are used. Rubber cannot isolate low fre- 
quencies as well as mc'tal springs. One interesting ap- 
])lication is for isolating a torsional vibration, as shown 
in Fig. 5- 10. The rubber ailow^s torsional movement 
ratluT easily because^ it is in shcair Init restricts the 
lateral motion because it is in tension or com]>n‘ssion. 

This particular isolator has b('en used in a. large variety 
of places w'hen^ ])o\ver is transmitted by shafts as it 
eliminat-('s torsional vil)ration. 



Kig. 5- 10. 


Natural rubber (‘ornpounds should not- })e used a])Ove 150° F, and 
oil must be avoided. Synthetic rubber stands higher temperatures but 
tends to hai'dcai. It is not. affected, how'ever, by jx'troleum products. 

Cor/v. One of the oldest materials used for (mnmercial isolation is 
cork. It is generally used in compression, but occasionally it may be 
used in shexar if loaded in compression at. th(‘ same' time. Natural cork 
blocks may be used for small isolators, but the large slabs are made from 
ground-up cork bonded together to give unifoi’m structure and prop- 
ert.ic^s. By controlling the ])onding ])roc('ss, sevcaxil densities may be 
made to cover different applications, for the deflection varies inversely 



Fig. 5 - 11. 

as the density. The properties of cork change under dynamic load as 
do those of rubber. It is an excellent material to prevent transmission of 
sound but again through-bolts, pipes, etc., must be isolated or avoided for 
best results. It is used a gi'eat deal for insulation and acoustical purposes 
in buildings. In machine isolation it is valuable because its relatively 
high damping reduces vibrations at resonance conditions. It is nearly 
always necessary to mount large masses to get the reepured deflection 
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for good isolation. The machine is usually mounted on a large block of 
concrete, and then the whole block is separated from the rest of the 
building by a layer of cork slabs. These slabs vary from 1 to 6 in., 
but 2 to 4 in. are thc^ thicknesses that are most common. Only the 
heaviest impact requires the thickest layers of cork. Oil, water, and 



moderates tempcu'aturc have little effe(*t upon tlu^ o])(a’ating character- 
istics or useful lih^ of cork. It does compnvss gradually with age, but, 
even so, cas(\s are known whej*(‘ it has (continued to operate for thirty 
or more yoavs. Figures 5-ii and 5-12 show typical examples of cork 
isolat/ioii. Little definite data are available on the application of cork. 
What are available give rather inconsistent results. Low frequencies 
cannot be effectively isolated. 

Felt. Large thicknesses of felt have good deflection properties. It 
has very good damping qualities and })revents sound transmission very 
effectively. These', properties make felt suitable for isolating at resonant 
frequencies and for use with metal springs to rc'duce direct noise trans- 
mission. Felt is used in the form of mats for sound insulation or small 



Courtesy American Felt Co., Glenville, Conn. 

Fig. 5 13 . 


pads to put under macliines. Usually the loading is limited to 1 to 50 
Ib/in.^, but for small pads the pressure may rise to several hundred 
pounds per square inch. Figure 5 • 13 shows different methods of mount- 
ing felt to prevent sidewise motion. 

When felt is used certain linoits of pressure are desirable. It is 
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necessary, therefore, to express the natui-al frequency in terms of the 
pressure. The static deflection is j^iven as 

W t pt 
= 

' A EJ E 


When this expression is substituted in equation 2*27, the frequency is 
given as 


fu 


1 

27r 



[5-5] 


Tlie only difficulty involved in using this ecpiation is that E varies with 
p. This may be ov(u corner by plotting curves. The valiu's of fn for four 



Natural frequency (/„) in cycles per second 


Courtesy American Felt Co., Glenville, Conn. 

Fia. 5 14. 

Recommended pressures for felt: 

SAE F-11 1-6 ll)/in.2 

SAE F-6 6-12 lb/in.2 

SAE F-2 12-25 Ib/in ^ 

Hair felt over 25 Ib/in.^ 

grades of felt are indicated on Fig. 5 • 14. These curves are based upon 
felt 1 in. thick because that is the most commonly used thickness. Felt, 
like cork, cannot isolate low frequencies as well as rubber or springs. 
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Illustrative Problem. Considerable noise is })ro(liiecd by a inachirK^ weij^li- 
ing 46 11) and oporatinji; at a speed of .S6()() rprn. Wliat felt would give 
isolation? 

Solution, The natural Crecpieni'v re(|uireil can be determined from the traiis- 
inissibility eciuation 5 -3- 


T.R. 


1 



~~ 1 


0.20 = 

/8600 

I "otT 

\ fa 

fn ~ 24.4 cycles/s(‘c 

If a layer of SAE F-1 1 felt 1 in. thick is used, tlie load i)er scpiare inch napiired 
is 6 Ib/in.- The area of felt require<.l is 


1 




6 


46 

6 


7.66 in.^ 


Thus, four pads, eacT liaviiig an area of 1.92 in.“, (u)uld be used to sup])ort the 
machine. If a layer li in. thick were tried, th(‘ t(‘rm used on th(‘ chart would 
be /n\/ 1 instead of /n. I'his value is 

/„\4 = 24.4\/Tj5 = 29.0 

This indicates that a pressure of 2 Ib/in." is recpunnl, giving a total area of 
23 in.‘^ 


6 *6. General Characteristics of Elastic Suspension. An isolated 
system has six degr('(\s of freedom, eacdi of whicdi has its own natural 
frecpienc^y. Usually only the motion in the din^ction of the principal 
disturbing force is considered because the other 
frequencies are difficult to d(T(‘rminc accurately. 

fkweral illustrations can be used to show some 
of the i)rin(dples to follow for good isolation. 
First, it is de*sirable to have the centeu* of gravity 
. of the isolated structure midway betwe^eui the' sup- 
ports whether me)unted he)rizontally as shown in 
Fig. 5* 15 or vertically as in Fig. 5- 16. If this is 
impossible, the mounts must be selected so that 
each gives the same static deflection. The higher the center of gravity 
is above the mounts, the less stable the structure becomes. Often links 
must be added as shown in Fig. 5*17 to give the isolated body stability. 


! 

c.gr. 

j 

1 




Fig. 5* 15. 
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'rh('S(^ same links may also 1 k^ used to maintain fixed center distances 
l)('tAV(Hm shafts. If tlu^ mounts can l)e placed in the plane of th(^ center of 
gravity it is desirable, although not always practical or convenient. For 
hea\'y impact , su(*h as is found in large hammers and forging machines, 
it is b(‘st to haA'e tlu' (^('ntc'r of gravity b(‘low the planer of tlK‘ isolators to 
giv(‘ gr’('at-(‘r stability. This is quite easy when a large concretes block is 
n(‘C(‘ssaiy t,o giv(‘ th(‘ rc^cpiired iiu'rtia mass. Many times it is nec(3ssary 



C.g. 






r 

II 


j'Ki. r)'i(). 



to mount two or thr(H‘ ma(^hin(‘s on th(' same* l)asf' or substructure to 
maintain c(ait.(‘i‘ dist.an(‘es for g(‘ars or belts. The whok' assembly can 
th(‘n b(' isolat(‘d. 

Actual exp(‘ri(uic(‘ shows that the calculations mad(' an' not always 
vt‘ry accauate so that. (‘xp(‘ii('nce and judgrmmt, together with a knowl- 
f'dge of theojy, luv rK‘cxissary. I)am])ing co(*fficients and their effects 
ai’e ])articularly hard to evaluate. Metal springs with tluar low value 
of damping an' p('i‘haps the easiest to calculate. Behavior of other 
mat.(‘i*ials })ecomes more difficult to predict because of the varying damp- 
ing and elastic, properties. Because of the uncertainty of tlu^ calcula- 
tions, it is ofU'ii d(*sirable to b(' able to change the characteristics of the 
isolating system. In isolating delicate instruments it is necessary to 
hav(' vtay low natural fiequencies (in the order of a cycl6 ]X‘r second) 
to (eliminate tlu' low harmonics transmitted by buildings and the ground. 
Higher harmoni(;s that cause noise must be eliminated by placing a 
layer of sound-insulating material between metal parts. The effect of 
pip(xs, conduits, and through-bolts must be eliminated as far as possible 
to prevent noise and force transmission. 

Damping is v('ry desirable near the resonant speed to reduce the 
amplitude of motion. L('af springs have considerable damping due to 
friction between the leaves. Special devices are often added to intro- 
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duce damping to a Dash pots and automotive sliock absorbers 

ar(i forms of fluid damping d(‘vie(‘s. Ink^rnal or hyshux'sis damping is 
xvvv .vxv, -NX ‘^*^<^dher form of considerable importance; in engineering. 

Crankshafts are dej>endent upon internal dam})ing to pre;- 
vent ex(;essive torsional vibrations. Crankshafts of cast 
iron were introduced because east iron has much b(;tter 
damjnng proixadies than st(X‘l. 

6«7. Undamped Dynamic Vibration Absorbers. If a 
l)ody is vi})rating, it is possible' te) reduce or e'liminate 
this vibration by suspending another we'ight on an e'lastic 
me'mbe'r fremi the; original systean. The system is then 
funelamentally a two-mass system siie*h as is shown in Fig. 
5*18. The amplitude of motieai e)f the body 1 is given in eepiation 4*27. 




Fig. 5 * 19 . 


The plot of equation 5*6 is shown in Fig. 5*19. Obviously the ampli- 
tude a:oi will be zero when [^1 ““ (£] = 0. This means that the 
amplitude Xqi = 0 when v = Wn 2 - Thus, if Wi is acted upon by a 
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fn'qiienry v — Wni, the amplitude of Wi may be reduced to zero by 
adding a scH'.ond spring and weigiit such that uin 2 = This may be 


ho Jc 

done by making y = - - • The amplitude of the second weight under 

14 2 rV 1 

the same conditions, which can be found from ('({nation 4-28, is 


F . 

Xqo — — y sin vi 
hj 


This sliows that the f()rc(5 (‘X(‘rt('d by the s('cond spring on IFi is equal to 
and opposit,(' tlie distiuhing force. Figure 5-19 shows that the amplitude 
of Wi is iK'arly z('ro ov(‘r a very limited range of s])('('ds. Therefore, 
absorbers of this type an^ used on sysh^ms wlK'n^ the dis- 
turbing freciiK'iicy is vc'iy lu'ar the natural fi-equency of 
the original singk'-mass syshmi and when the machine 
will operate ov(‘r a vc'iy limited speed range. 

The same idea may be apjilic^d to torsional systems as 

shown in Fig. 5*20. In this case must cHpial 

12 h 

One form of vibration absorlx'r often encountered is 
shown in Fig. 5*21. This too op('rat(\s only iK'ar the 
r('sonant sp('(‘d and gives two other ivsonant s}:)eeds corresponding to 
those of the two-mass system irKli(5ate(l in Fig. 5 09. Because of its 
narrow range of ('lfectiv('ness it has b('('n generally r('])lac('d by a pendu- 
lum ty])(; absorlx'r. Schematically the pendulum absorb(‘r may be 



Fig. 5 * 20 . 




H'presented by Fig. 5-22, where the iiendulum weight IF is pivoted 
about a point A . During rotation the weight is acted upon by a centrif- 
IF . 

ugal force equal to — rp^. Therefore, in this type of absorber the 
acceleration replaces the acceleration due to gravity of the ordinary 
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pendulum. The resonant frequemy for th(‘. ordinary })enduluni a(*ted 
upon by gravity is given by eciuation 2 • 32. 

The resonant frecpieiicy for the pendulum absorlx'r is, tlK'iefore, proper- 
tional to r • Th(^ pendulum can then be ])roportioned so that it is 
tuned to act as an al)sorber at any speed. Jha-ausc' tlie length of tlu^ 




pendulum n(‘eded is not practical, se\xa’al ingenious ('cjui valent nu'C^liau- 
isms have been substituted. Two are shown in Fig. 5 • 23 and Fig. 5-24. 

Dlustrative Problem. A motor weighing 10 lb and running 1800 rprn is 
mounted at the end of a cantilever bar. The bar is 4 in. wide and jfr in. d(;ep 
and has an effective length of 30 in. As the amj)litude is excessive it is i)rop()sed 
to add another cantilever to act as an absorber. What pr()j)ortions should it 
have? 

Solution. From equation 2-35 the spring constant for the main cantilever is 

W - 3(30)10<(A)4(a)- - 

JJ 30® 

Any weight may now be selected to serve as the second weight. 1x4 us assume 
that we will use a |-lb weight. The value of k for the second cantilever may 
now be detennined from the 

ki k2 
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or 


h 


hW2 


915(0.5) 

10 


- 45.7 Ih/in. 


Thus a bar with a sprini^ constant eiiiial to 45.7 lli/in. can ])o used to mount 
tlie i-lb weight on tlie first mass. It is well to make the system adjustable so 
that it can be tuned to act most effectively. Approximations and small errors 
in measurements may be compensated for in this manner. 


5-8. Damped Vibration Absorbers. The amplitiule at any resonant 
speed is redu(‘.ed (‘onsiderably by damping, d'his is shown by the curve 
in Fig. 5- 19. ddie mathematical tluHiry of damped vibration absorbers 
is very complicated and will not be considered here. The problem of 
ol)taining the correct amount of damping is difficult from a practical 
viewpoint. Many automotive crankshaft torsional dampers operate on 
this princi])l(‘. The energy dissipated as heat through the damping of 
the absoihers would otherwise be us(h1 to vibrate the shaft. 

5*9. Removing the Cause of the Vibration. Many tiiruis the cause of 
a vibration may be removed by careful study and analysis. Rota- 
tional unbalances may be reduced, but it is impossible to balance any 
machine complet(‘ly. Static balance is not sufficient; only under dy- 
namic conditions may tlie unbalance be reduced to an acceptable de- 
gree. Various commi'rcial balancing machines are available that indi- 
cate the unbalance automat ically.‘'^‘^'“^ When a shaft is not uniformly 
stiff for all angles of rotation a periodic motion is produced that can 
be removed only by giving it a uniform stilTiitiss.^- Magnetic forces in 
(4ectric machinery oftcai (^ause deflections which may grow to large 
])roportions at rt\soriance.^‘'^ Propellers on airplanes or boats are very 
s(‘nsitfve to variations of pitch between the blades. Any number of 
cases may lie citi^d to illustrate tlu^ presence of different causes for 
vibration, but usually the cause may be found and reduced. The 
amount of unbalance to be tolerated and the amount of isolation to be 
us(id depend upon the relatives cost, for often it is cheaper to allow some 
imbalance and isolate the machine from its support rather than to 
eliminate the unbalance and avoid the necessity of isolation. 

6*10. Vibration Instruments. Vibration instruments can be classi- 
fied as t]ios(i used for frequency measurement and those used for motion 
analysis. In many cases only the fnKiuency is desired. For very slow 
vibrations counting by observation or by mechanical and electrical 
counters may suffice. Tachometers may be used for determining rota- 
tional speeds. Reed tachometers employing cantilever reeds graduated 
to respond to different impressed frequencies indicate frequencies very 
closely. Stroboscopes in which short flashes of light are synchronized 
with the vibration so that the vibrating or rotating body appears to 
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stand still are also commonly used to measure frequency. Variations of 
this are the meciianical instruments where a slotted disk is spring-driven 
at very closely govc'rned speeds. Wien the moving body is view(‘d 
through th(^ slots at the synchronous spe(^d the (\ye sees it eveiy time 
in the same position, and it appears to stand still. Other instruments 
discussed in succeeding paragraphs may also be used to indicate fre- 
quencies. 

It may be desirable to measure many different quantities in addition 
to frequencies. Among these quantities are displacements, velocities, 
acceleration, wave form, and noise level. Most (juantities must be 
magnified ly mechanic^al, ele(^tri(\al, optical, or a combination mc^ans. 

Very large vibrations may be measured by observation with or with- 
out a measuring microscope. Large amplitudes may be recorded l)y 
allowing a pencil attached to the vibrating member to mark on a piece 
of paper that is held fixed, or vice versa. Most vibrations are too small 
for these methods, and so mechanical vibrometers such as mentioned in 
Chapter III may be used. The relative motion of the mass to the frame 
is recorded by dial ga|es in the simpler types or l)y recording pens 
actuated by levers that magnify the motion in the more complex types. 
A paper strip is driven at a uniform speed under the pen. Timing waves 
are put on the same paper strip for comparing frequencies. 

Electric instruments can also be used for measuring displacements. 
Electric picikiip units are used to produce a (4ninge in some electrical 
quantity. This change is magnified and indicated or recorded by an 
oscillograph or meter. Among the electric pickups that indicate displace- 
ment are those employing electromagnetic and resistance changes. The 
electromagnetic type depends upon the change in flux produced by a 
change in air gap, whereas the resistance type depends on a change in 
resistance when carbon, a wire, or other material is deformed. Many 
times stress is more important than displacement in which instance wire 
strain gages are proving very popular. 

Electric pickups which indicate velocity usually depend upon moving 
a coil through a magnetic field so that the voltages generated will depend 
on the rate at which the lines of flux are cut. Acceleration is usually 
indicated by a piezoelectric crystal which produces a potential across 
two surfaces when it is bent. Bending of the crystal is often effected by 
the inertia force from a small weight placed on one corner. Micro- 
phones together with their amplifiers are used for indicating noise levels. 

Optical instruments Tisually depend on a mirror. When a light is 
thrown on the mirror, the reflection indicates the motion greatly magni- 
fied on a ground glass or photographic paper. In some special types of 
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optical instruments a photocell is employed to measure light intensity. 

Special auxiliary equipment is very often used with the above equip- 
ment. Differentiating or integrating circuits can be used to change 
displacement, velocity, or acceleration to one of the other quantities. 



Fig. 5 - 25 . 



Fig. 5 - 26 . 


Analyzers c^an be used to study the wave form. These depend either on 
filtering undesin^d fre(|uencies out or tuning a circuit to pick out the 
desired fre(|uency. lliis analysis indic.ates the relative magnitude and 
imp)ortanc(^ of the different frequencies and therel)y locates sources of 
trouble. 

The eiiuipment shown in Fig. 5*25 consisting of a vibration meter 
(left), a crystal type pickup (center), and an oscillograph (right) can be 
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used for both measuring and getting a picture of a vibration. Figure 
5*26 shows a motor mounted on a board together with the pickup. 
The corresponding record as photographed on the oscillograph is shown 
on the right-hand side of this figure. This record show s that the vibra- 
tion resulting from running of the motor consists of a large low frequenciy 
vibration on which is superimposed a high frequency vibration. Fig- 



Fig. 5-28. 

lire 5*27 shoivs the corresponding vibration record wdien the motor is 
mounted on a cork pad. In this case the high frequency viliration is 
eliminated but the low frequency component is transmitted. Figure 
5 • 28 shows the motor mounted on commercial rubber isolators. In this 
case the low frequency component has been absorbed, but a portion of 
the high frequency component has been transmitted. 

PROBLEMS 

6 « 1 . A refrigerating unit weighs 82 lb. Th(‘ r(;cipro(^ating compressor operates at 
575 rpm. Wlial spring constant k should each of four supporling springs have in 
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order tluii only 10% of the shaking foret', should Ix' iransrnitted to ih(' supporting 
struct ur(‘? If the motor ofXTates at 1725 rprn, what amount of mot(jr mihalance 
forcM' is transmitted to the franx' by thest' same springs? 

6 * 2 . Kn engine opirah's at. such a specxl that th(‘ main dislurf)ir)g fre(ju(‘ncy is 
1425 cyc\es/inin. Tlx' (mgint' and its bas(' weigh al)out 1 1,400 lb and an' sui)ported 
(Hjually by 0 springs, eacli of which has a spring constant (xjual to 20,000 Ib/in. What 
is th(‘ transmissihility? What is th(^ penxmtage of isolation? What spring constant 
and static deflection are m'cessary to give 90% isolation? 

6 * 3 . A motor-pump unit operates at 1725 rpm. It si'cms d(isirabl(' to allow only 
about 15% of th(i unbalance forces to n'ach tlu' fl(x>r. ''Flu' unit wi'ighs SOO lb and will 
b(‘ supj)ortt‘d by 4 isolators. What, load rat.(‘ should tlu' isolators hav(‘ for th(‘S(‘ 
conditions? This corr('S])onds to what ratio of forcixl frt'cjiu'ucy to natural fr(‘- 
(lueiicy? 

6 * 4 . A measuring instrument is to be isolat'd from a vibration owing to a motf)r 
near by running at 960 rpm, 4'he unit, weighs 35 Ib. What static spring deflection 
is necessary to limit t.h(^ transmissihility to 20%/? 10%/? 5%;? 

5 * 6 . A radio unit w(*ighing 24 lb is mounted on 4 rubber isolators eacli (‘arrying the 
sanu^ load. N('ar by is a rather heavily unbalanced motor running at 1760 rpm. 
The designed load for each isolator now used is 6 lb with a deflection of in. Be- 
cause' it secerns de^sirabk^ to reduce the transinissibility it is jiroposed to use a S(*t. of 
rublier mounts designed for a 6-lb load and a -gV-in. defle'ction. Wliat would b(‘ tlx^ 
change' in transinissibility? 

6 • 6. A large slow-spee'el e^ornpressor anel its base' we'igh 45 tons. 1 1 runs at 300 rpm. 
What ele'flection is ne'ex'.ssary to give* a natural frexiue'iu'y sue*h that the free|uene'y ratio 
will be 3? What is the' pe^reMuitage e>f isolatiein? What ty])e of iseilateir weiuld havt^ to 
be used? 

5 * 7 . A small instrume'jit weighing 28 Ibuiiust be* isedatexl from the; su])porting table* 
whiedi yibrates at a freepiency eif 1720 cycles/min. '14ie‘refe)re‘, it is mounted on 4 
rubber ise)lat.e)rs that elefloct J in. Tlu' ratio e)f damping ce)nstants fejr I'ubber is 
r/Tr = 0.05. Compare the transinissibility when damping is conside'real wit.h tlu^ 
transmissihility negle'Cting damping. 

6 * 8 . A large' 1 )iesel engine in a ship is mount eel on a base which is supj)e)rted equally 
e)n 8 spring isolate)rs in order to prevent, the; vibration from be'ing transmitted thre)ugh- 
e)ut the ship. The combinexl weaght of the engine' anel its base is 1 6 tons. The; operat- 
ing speed is always abe)ve' 100 iqjm. What spring c.onstant must e;ach isolator have; to 
give 80%;) isolation? What transinissibility is obtaineel by having a freeiuency ratio 
p/o^n = 2.5? 3? 5? 

6 >9. Design a felt mounting fe)r a te'xtile machine' weighing 520 lb and operating at 
a speed where the elisturbing frequency is 4000 cy(;le.s/min. Since; the main objection 
is the higher frequency noLse;, the traiLsmissibilit.y may be 35%. 

6 * 10 . Some of the modern pass(;nger trains are support, e'd by helical springs that 
give a pendulum suspensie)n. The*se springs give a static deflectiem of about 10 in. 
If it is assumed that the train travels over tracks that are slightly wavy with sue;e;es- 
sive crests 40 ft apart, wdiat will be the undampexi transmissihility if the train travels 
at a rate of 20 mph? 80 mph? 

6 • 11 . Since propellers for airplanes have such a large moment of inertia relative to 
the engine moment of iiK;rtia; they may be approximat'd by a single disk on a shaft. 
As the engine would operate at the resonant speed of the system, a vibration absorber 
of tlu' form shown in Fig. 5*21 is added. This gives the e(juivalent system shown in 
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Fip;. P5-11, whore D = 12.2 Ih-in.-sec^ and kte = 700,000 lb-in. /radian. If the 
absorber shaft lias a spring consianl. kia = 63,000 Ib-iii. /radian, what is (he r('quir(‘d 
inonu'iit of inertia of (}u‘ absorlwT? 



Fio. Fo il. 


,1 




1 - 1 

J g 



'1 



Fio. TV) 12. 


6 • 12 . A solid disk I\ weighing 26 lb and 10 in. in diameter is cairicHl by a hollow 
steel shaft with a if in. outside diameter, a if in. inside diana^Uu-, and a length of 
18 in. A second disk weighing 3 lb and 4 in. in dianieU'r is carried on the (Uid of a 
solid shaft extending through the hollow shaft as shown in Fig. P5- 12. What diain- 
et(T shaft 23 in. long is needed for I 2 to act as an absorber? 

6 * 13 . In j)roblem 2*14 a 9-cylinder radial (‘iigine was mounted on 6 isolators to 
rediicx^ the effects of torque impulses. What would the transmissibility be if the 
engine runs at 2200 rpni? 



CHAPTER VI 


EQUIVALENT SYSTEMS 

6*1. Introduction. The ralculation of critical speeds and relative 
motions for mechanical cqiiij)ment b('com(\s cpiitc involved because 
many different typers of mechanical elements are usually (‘mployed. 
Such systems do not readily k^nd themselves to anal^Tical solution. It 
is possible, however, to reduce a general machine suc'h as an airplane 
(Uigine and transmission, a Diesel engine drive on a boat, or any other 
nu'chanical system or unitized machim^ to an equivalent disk and shaft 
syshan for the purpose of making a vibration analysis. Whem reduced 
to such a simf)lihed system the methods which have been developed or 
which are given in this chapt(‘r can be used to solve for critical speeds 
or I'elative amplitudes of motion. 

The natural vibi'ation of (das tic systems involvc's the interchange of 
j)otential and kinetic energy. Any system must havci (dasticity and 
W(dght or iiK'itia to b(' able to vibrate. The potential energy in the 
syst(‘m is present as elastic eiaagy stored in the shafts, belts, or other 
elastic members. Tiie kinetic enei'gy is stored in the weight or mass of 
the system by reason of its vekxdty. In a simple vibrating system con- 
sisting of a disk and a shaft, the disk is 
the inertia mass of the system where 
kini'tic energy may be stored, and th(‘ 
shaft is the (dastic memlKU- where 
potential energy may be stor(‘d. Th() 
solutions of the more compli(\ated types 
of vibration j^roblcms to be considered 
here are bas(‘d on the principle of re- 
placing a complicated system by an 
equivalent system of disks and shafts 
which will have the same capacity for 
storage of kinetic and potential energ}^ 

In a (*omi)licat('d systt'm such as the 
comprc'ssor and di ive shown in Fig. 0 • 1, 
the various parts operate at different 
speeds and have' difhu'ent elastic properties and weights. In a system 
such as this all parts are reduced to an equivalent rotating system. 
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The weights and elastic members are varied to give an equivalent 
energy system which in this case will b(‘ a disk and shaft system. In 
this equi\^alent syshan, all elastic members are rediu^ed to an eejui valent 
shaft of unit diameter and of such a length as to give, an equivalent 
energy-storage capacity at the speed of the equivalent mass. The inertia 
mass is reduced to give an equivalent energy-storage (‘apacaty at th(' 
speed of the equivalent inertia disk. In cases of memb(a*s having a vari- 
able inertia effect the equivalent inertia disk is chosen to give the average 
effect over a cycle of the variable inertia. 

6*2. Equivalent Weight and Inertia Systems. Th(‘ various rotating 
masses in the system shown in Fig. ()-l operat.(‘ at different speeds, and 
some of the masses, such as the engine' piston, have motion of translation 
or have an oscillating motion instead of fixed rotation so that some 
method of converting these into an equivalent rotating disk is nc'cevssaiy. 
The general principle used in n'ducing these various mass systeans to an 
equivalent simple rotating system is to make the (‘onvej‘sion on the basis 
of equivalent kini'tic-eru'rg}^ storage capacity. 

The moment of inertia of a solid disk of uniform thickness is 


I 


Sg 


[G-l] 


where d = diameter of disk in inches 
W = weight of disk in i)ounds 


For a flywhec'l or pulley it is nec(^ssary to ('X{)r('ss the moment of 
inertia in tcu’ms of an equivalent diametc'r. For a pulley, where the 
weight and inertia of the arms can be neglected, the approximate 
moment of inertia, if the weight is assumed to be concentrated in the 
rim, is 


1 (approx.) 


Wrdr^ 

4g 


where dr — mean dianu'U'r of tla^ rim in inches 
IVr == weight of the rim in pounds 

Where more exact calculations of the moment of inertia are desired 
for a pulley or flywheel or for any other type of weight the results are 
normally given in terms of the individual Wr^ or values. In this 
case we have 

/ _ 

g 


[0*2] 
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where d — mean diameter of individual weight particles 
r — mean radius of individual woight })arti(ies 
W = weight of particle con(‘eritrat.ed at d or r 


The w sign indicah's tlu* addition or summation of individual values. 

The moment of inertia can frequently be obtained ('xperimentally by 
the methods given in section 2-13. Where such nu'tliods 
can be applied they will give^ inon^ accurate results, 
particularly for comi:)li(tat(‘el shap(\s. 

The killed ic energy ste)i*(‘d in a i*otating weight is 
proportional to the angular velocity sejuared. Then the 
eKpii valent inertia of weiglits having reitaiy motion is 
given l)y 

(Spee‘el eif aedual weight)^ 


- 


(Spe'ed of equivaleait weig}it)“ 


(actual) [()'3] 



By using this formula, it is jieissible to reduex' the mass 
directly tei the' required speed. Hiis general formula 
apjilie's regardle'ss of the iru'theid of driving the mass, 
that is, whe'ther through gear, beit, linkage, or chain. 

The abo\'e' fe)rmula can, tlu'refore, be' used to reeluce any rotating mass to 
the e'ejuivalent system s[)eeHl. The spe'ed of the prime mover is generally 
the most ceinvenie'iit one to use for the equivalent system speed. 

For reciprocating weights, it is ne'ce'ssary to resort tei approximations 
inasrnucli as the actual systems become very difficult to solve mathe- 
matie'ally. Tlie slidei' crank mechanism, as shown schematically in 
Fig. () • 2, is one' tyi)ie*al e*ase whe'ie it is necessary to redue'e the mass of 
the connecting rod anel the^ piston to an equiva- 
lent mass at the crank and then to any desired 
speed. Tlie connee'ting rod weight can be ap- 
jireiximated by plaeang part of its weight at the 
crankpin and the rest at the piston. The amounts 
to be placed at each point can be determined by 
taking moments about the center of gravity. If 
the dimeiLsions shown in Fig. 0-3 are used the weights to be concen- 
trated at tlie crankpin are 



and that at the piston is 


W 


W 

= j-{L- Le) 

Ij 


[G-4] 


[G-5] 
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These values are only approximate. The equivalent dynamic system 
requires tliat one cciuivalent weight be placed at tlu‘ cuuiter of percussion. 
Since this would not h^ad to a simple solution of the' j)r(‘sent. problem it 
is necessary to us(^ the arbitrary approximation indicated above. The 
weight at the piston, W 2 J can be combined witli the weight of tlie 
reciprocating parts, which may be^ the piston, crosshead, and piston rod. 
Since the piston assemi)ly is at rest at each end of the strokes and reaches 
maximum speed only near the (‘enter of the stroke^ it (*an he assuna^d to 
be torsionally ('ffeetivc^ only on(‘-half of the tim(r l"he (Hpiivalent weight 
of reciprocating parts at the crank is one-half tlu' actual w(rght. The 
equivalent moment of inertia of the connecting rod and piston assembly 
at crank speed is 




1 + Tl> 

- (J 2^ 


[ 6 - 6 ] 


where Wp = weight of piston assembly 

W\ = weight of coime(*ting rod placed at crankpin 
W 2 = weight of connecting rod placed at piston 
r = crank radius 

Ic = equivalent moment of inertia of piston and rod 


For most conditions where the ratio of crank to connecting rod length 
is small the formula is sufficiently accurate. Timoshenko gives a mon^ 

accurate formula which takes into account 
the effect of the crank and connecting rod 
lengths.'^® 

Figure 6*4 shows a typical 4 -link me- 
chanism where one crank rotates and the 
other crank member oscillates. A wcught 
W on the oscillating meunber can be re- 
duced to the crank by a method similar to 
that used for the slider crank mechanism. 
The first step in reducing such a system 
is to reduce the weight to the point A. 
Since the kinetic energy storing capacity varies as the velocity squared, 
th(^ energy stoned will vary as the radius of the weight squarexi. The 
equivakmt weight at radius L will be obtained from the relation 



Fia. 6-4. 


WJ? = WR^ 


Wc = W 




so that 
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where Wc is the equivalent weight at a radius L. Since the weight only 
oscillates it is similar in effectiveness to the piston in the slider crank 
mechanism. The equivalent w^eight at the crank will then be reduced 
one-half, and the equivalent inertia at crank speed will be 



6*3. Equivalent Elastic Systems. The members in a system, such 
as shown in Fig. G • 1 , store tiastie^ or potential energy. Since the various 
shafts rotate at- diffeixuit speeds and since some of the meunbers, such as 
th(' belt, are non-rotating, it is necessary to n^duc'e the system to an equiv- 
alent system of shafts rotating at the equivalent system speed. The 
equivaleuit shaft system includes both diamc'ter and length, since they 
ai'e both involviKl in det(irmining th(‘ energy which can be stored. In 
order to sim])lify the j^roblem, the shafts are all reduced to a unit diam- 
eter, w hich is a diamc^ter of 1 in. The length is then d(?termined to give 
the j)roi)('r (UK'rgy storage. The longer the equivalent shaft, the greater 
its energy-storing caf)acity. 

If a unit diameter is used as a basis for calculation, it is necessary to 
vary the huigtli, in order to maintain a (‘onstant ki viilue or energy- 
storage capacity. This can b(‘ arrived at by r(‘f(UTing to equation 2-34, 
from which 

_ 

' “ L 32 “ L, 32' 

w4iere G ~ torsional modulus of (4asticity in pounds i)er square incli 
L ~ shaft l(‘iigth in inches 
Lc — equivalent shaft Icaigth 
d = shaft diameter in inches 
dc — diam(4er of (Mpiivalent vshaft 

If de is ma-de unit diamc'tei-, and />«; denotes the equivalent length, we 
shall have for a uniform shaft 

G ird^ __ G_ 

L 32 ~ 1, 32 

L. = I [6-8] 

For a shaft which varies in diameter between supports, it is necessary 
to find the equivalent lengths of the various sections and add them 
together to obtain the total equivalent length of a shaft of unit diameter. 
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In the ease of the shafts running at different spec^ds, it is noeossary to 
find th(' equivalent spring eonstaiit kf at the equivalent speed. This can 
be determined from tlu^ equation 

, , . , , (speed of actual shaft)^ , r 

ki (equivalent) = j-— : — r~ 7 “v~ 7 . V 2 (actual) [()-9] 

(speed of eciuivalent shaft) 

Since the l(‘ngth of shaft is inversely proportional to the spring constant 
we can wTihi 

L (speed of equivalent shaft )“ 

(spcH'd of actual shaft) “ 

= -7 (‘'^pe(‘d ratio)" 


A sim])I(' (*rankshaft is shown in Fig. G-o. It is (piite difficult to 

arrive at an (‘quivalent length of a shaft 

of unit diamet(T for a crankshaft. A 

f- O simplified empirical formula, i^s giv(‘n by 

p— p — , p-N Carter, apf)ear 8 to be satisfactory for 

normal conditions and is used her(\“^ 

By using the dimensions, as given in 
Pjq (.,5 Fig. G-5, this formula for the equal 

length L^c can be expn^ssed in tlu^ follow- 
ing form if unit diameter is assum(‘d for the equivalent shaft: 


-m- 


Fig. 0*5. 


A + 0.87^ 0.75/^ 




[(Ml] 


A more exact formula has })een worked out by Timoshenko,'-^^' and 
other empirical formulas are given !)y Wilson. 

Figure G-G shows an equivalent diagram for a belt or chain drive. In 
this case the belt tension P repr(‘sents only th(^ effectivi^ })ulL It is 
assumed that the slack-side tension does not infliu'iKH' the i)ro))lem 
since it supposedly i)uts a constant stress or energy int/O the system. 
The energy stored in the belt is given by , 


1 P^L 

2 APb 


and in the shaft 


(PRfLe 

2GJ 


Fig. 6 -6. 
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where A = area of belt 

Eb — modulus of elasticity of belt 
G = shear modulus of shaft 
J = polar moment of inertia of shaft 
R = radius of pulley 
L = effective length of belt 

Le = equivalent shaft length at speed of pulley with radius R 


Ecpiating these and solving for 
we have 

, GJ 


Le - L 


EbAR:^ 


For a shaft of unit diameter this g^oo 
reduces to ^ 

32 AEbR:^ ^ ^ ^ 



breaking load 1200 lb; permanent 
stretch at B.P. = ^ in. in 18 in.; 
Eft = 22,640 Ib/in.-^; rupture stress — 
5454 Ib/in.^ 


Figure (FT shows a plot of data 0.4 0.8 1,2 1.6 

obtained from a belt test. These stretch in is in. 

data show that, after the initial ^ 

stretch is taken up, the modulus of 4-ply rubber belt; l in. X 0.23 in.; 
(dasticity for the rubber belt Eb — breaking load 1200 lb; permanent 
22,040 lb in.2 This value will l)e = 

used in dtuerinmmg the equivalent 5454 2 

shaft length for a belt. 

A beam of a 4-link mechanism, such as is shown in Fig. 0*8, can also 
be replaced by an equivalent shaft of length Le and unit diameter. The 
potential energy in the shaft at the position 

. y L A shown, that is, when the crank r is parallel to the 

^ beam, is 


where T = torque in the shaft 
P = load in the pitman 
J — polar moment of inertia of shaft 


o 

Fia. 6-8. 


The energy stored in the beam is 


6 El 
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If these are equal, we then have 

1 {PRfLe 1 {PLfL 

2 GJ ~ is El 

^ 1 L^GJ 
" “ 3 R^El 


When the crank is vertical the torque in the shaft will Ix^ zero. The 
equivalent .shaft length for that position would be zero so that the aver- 
age value would be onlj'^ one-half of the above value; hence 


^ 1 E^GJ 
a R^EI 


[6-13] 


Another method of justifying the equivalent vshaft length and inertia 
of such a non-rotating member as a beam is to note that the natural 
frequency of a member is determined by the ratio of the elasticity to the 
mass or equivalent inertia. If, therefore, the effectiveness of one is 
reduced to half, the other should also be reduced to half. 

Flexible couplings are frequently introduced in unitized systems to 
take care of misalignments. Because of their flexibility they can change 
the critical speeds of systems in which they are placed. If the spring 
constant of a coupling is ktc and the spring constant of a shaft system in 
which it is used is the equivalent spring constant, ktey of the combina- 
tion can be determined by noting that the angle turned through under 
torque T is 

L + L 

ktc kfe kts 


^ tc 


kfekts 
ktc ~i~ kfs 




The equivalent length of shaft of unit diameter can be found from the 
relation for the spring constant of a shaft 


kte — 


a 7 r(l)^ 
L, 32 


Lc 


kte 32 


[ 6 - 15 ] 


In order to determine the effect of the coupling on the system it is 
then necessaiy to have a torque displacement curve from which ktc t*a-n 
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be obtained. Some types of flexible couplings have considerable friction 
in them so that the damping they cause in the system helps to reduce 
the amplitude of the motion near the critical speed. A detailed analysis 
of couplings has been made by Ormondroyd and Wilson, and for further 
information these references should be consulted. 

6*4. Calculation of a Typical System. The critical speeds of a sys- 
tem depend upon the vaiious masses and elastic incumbers in the system. 
This makes it necessary to study eac^h case separately. A typic*al system 
such as the (compressor unit, Fig. 6*1, may be used to illustrate the 
method of solving for the equivalent systcuns and for the critical speeds. 
The data selected are given in Table (> • 1 . 

TABLE (i l 

Data for Compressor System with a Summary of Equivaeeni' Moments of 
Inertia and KLASTieiTiEs 



Actual 

Equivalent 
Values at 
Motor Speed 

Motor speed, rpm 

1800 


Motor pulley diameter, in. 

10 


Compressor pulley diameter, in. 

36 


Pulley center, in. 

72 


Belt, 6-ply rubber (approx. 0.3 in. thick), 8 in. wide 



Armature shaft, armature to pulley, in. diam., 10 4 



in. long 



Connecting rod weight, lb 

36 


Distance — C.G. of rod to crankpin, in. 

6 


Length of rod, in. 

18 


Weight of piston, piston rod, crosshead, lb 

108 


Stroke, in. 

1 ^ 


I-lO-in. pulley, in.-sec*^ 

3.3 

3.3 

I-motor armature, lb-in. -sec^ 

6.5 

6.5 

I-compressor pulley, lb-in. -seer 

140 j 

10.8 

1-crank, piston, rod, Ib-in.-sec^ 

9.8 i 

1.26 

L<, equivalent lengths of unit diam. 



1. Armature to pulley, in. 

1.55 

1.55 

2. Belt, in. 

62.5 

62.5 

3. Pulley to crank, in. 

0.15 

1.94 

kt torsional rigidity 



1. Armature to pulley 


7.6 X 10® 

2. Belt 


0.1885 X 10* 

3. Pulley to crank 


6.07 X 10® 
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The following examples will illustrate the method of calculating the 
equivalent elasticities, masses, and finally the critical speeds. 

The weight of the connecting rod must be divided according to equa- 
tions 6 • 4 and 6 • 5 into two weights at the crankpin and wrist pin, respec- 
tively, so that 




12(36) 

18 


241b 


W, 


6(36) 

18 


- 12 1b 


The equivalent moment of inertia of the rod and piston is determined 
by equation 6 • 6 and becomes 


4 


(12 + 108) ' 
- g "^g 




— 4.40 lb-in. -sec^ 


The moment of inertia of the crank must be added to this quantity. 
If the moment of inertia of the main bearing journals is neglected, the 
remaining parts are the crankpin, crankwebs, and the counterbalance. 
The expression for the moment of inertia of the crankpin about the axis 
of rotation is 


Iv 


w o , w 

— r^-\ 

9 





= 0.99 Ib-in.-sec^ 


where x is the distance from center of gravity to center of rotation. Th(‘ 
moment of inertia for the crankweb is 


I = 


10(2)6(0.283) f 10^ + 6^ 


386 




12 


+ 2.25^ j = 1.44 Ib-in.-sec^ per web 


The moment of inertia of the two counterbalance weights on the crank 
is 1.6 Ib-in.-sec^. The total moment of inertia concentrated at the crank 
is then approximately equal to 9.8 Ib-in.-sec^. 

The other mass elements in the system are the large pulley, the small 
pulley, and the armature of the motor. The values of the moments of 
inertia of these parts are presented in Table 6*1. 

The elastic elements of the system are the motor shaft, the belt, and 
the crankshaft. The length of the motor shaft is lOf in. and the diameter 
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i8 1|^ in. so that the equivalent length for a tmit diameter shaft is, by 
equation 6 -8, 


Le 


10| 

dir 


1.55 in. 


The equivalent length of shaft for the belt for 6-ft centers can be found 
approximately from equation G-12 


,r72(12,()00 ,000) ^ 
32(0.3)8(22,640)5^ ' “ 


The equivalent length of the crankshaft, Fig. 0-9, between points C 
and E is by equation 6-11. 

, _ 2(1-1) + 0 .8(2) 0.75(3 1 ) 1.5(4^^) _ 


my 


B C 


mr 


SMtD 


v~ 


4% D 




4^2 D 


iL 


E F 


( 2 ) 6 ' 

G 


>k2 


1 % 


4% D 
6-2%-^ 


T 

]JL 


2% D 

I 1 

. 7 %— Webs 2 X 6 X 10 
C.L. Pulley 


Fig. 6 '9. 


Only half of this is effective in our case, so Lde = 0.015 in. The equiva- 
lent lengths of shaft from to F and F to G are given by equation 0-8. 

1 - 

^ = 0-003 in. 

7~ 

Lfg = ^ 23^4 ~ 0.133 in. 

The total equivalent length of shaft between the crank and large pulley 
is, therefore, 

Ldg = 0.15 in. 


The difference in speed of the motor and the crank makes it necessary 
to correct the values of I or L. If we choose the motor speed as basic, 
the value of I for the large pulley is found by equation 6 *3. 


I (equivalent) = 



140 = 10.8 Ib-in.-sec"^ 
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The value for the crank is indicated in Table 6 • 1 . The belt elasticity 
was based on the small pulley so that it does not need to be corrected, 
but the equivalent length of the crankshaft must be corrected according 
to equation 6 • 9. 



1.94 in. 


1 . 56 " 


62 . 5 '' 


These (‘lernents give a system, Fig. 6-10, which is equivalent from a 
vibration standpoint to the original system. This equivalent system 

may now be solved in the usual manner 
for disk and shaft problems to deter- 
mine the critical speeds. Approxima- 
tions are useful in solving for the 
frequencies. Because of the great 
elasticity of the belt the system is 
approximately a two-mass syskun. The lowest critical frequency is 
approximated by using the two-mass equation. 


/« 6.6 


/= 8.3 


1 . 94 " 

N1 

7 = 1.26 


7 = 10.8 


Fig. 6 10. 


- ^ 1^ 

27r ^ 


ih + h)^ 


3211I2L 


-rV' 


(12,000,000) 1^12.00 + 9.8)7r 
32(12.00)9.8(02.5) ' 


= 503 rpm 


This speed is close to the actual speed of the systcmi, and the result 
might be^ a greatly overstressed member in the system. Two other 
critical speeds in this case could be approximated by considering the 
crank mass and the large pulley as one system and the armature and 
small pulley as the second system. This is reasonable since the large 
elasticity of the belt would almost eliminate the effect of one end of the 
system upon the vibration of the masses on the other end. % 

The values of these two critical speeds are 


00 f] 

^ 27r^~ 


12,000,000(10.8 + 1.20)7r 


32(10.8)1.20(1.94) 


= 7300 rpm 


00 I 


12 ,000,000(0.5 + 3.3 )7r 
32(0.5)3.3(1.55)" ~ 


= 5020 rpm 


These values are in all probability accurate enough considering the 
accuracy of the original data. These approximations can be made only 
when it is certain the masses in question act as a two-mass system with 
a node between them. 
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If a system were considered as a three-mass system (that is, only three 
masses have much effect on the system as a whole), the equation for 
solving for the critical speeds is the same as equation 4-23. 


hhln 4 

OJ 

kt\kt2 


/1/2 + /1/8 ^ hh + /1/3 
ki\ k(2 


-(- (/i + /2 + /a) == 0 


where co is in radians p('r second. The equation above^ may easily be 
solved as a quadratic for A more accurate* analysis could be* made^ 
using the tabulation method. 

Sin(*e the op(*rating speed, 500 rpm, is close to the fundamental fre- 
quency of the system, some change should be made in the system. 
Many times the speed may })e change^d. Where the spec'd must be 
maintained, the mass or the elasticity of some element, or both, must be 
changed. In the exampk* the belt would be the most logi{‘al element to 
change. Shortening the belt would raise the frecpiency and thus avoid 
the critical speed entii-ely. A heavier or lighter compressor pulley could 
also be used with similar results. 

The example above was selected be(^ause it contained so many differ- 
ent elements. Ecjuivalent systems are mon* (X)mmonly used for systems 
involving multicylinder engiruis geared or connecdod directly to gen- 
erators, propellers, etc. A radial airplane engine having a supercharger 
and driving a propeller can be represented by a simple three-mass sys- 
tem wherein the supercliarger is one mass, the pistons and connecting 
rod assembly of thci radial engine form a second mass, and the propeller 
is the third mass. If the supercharger is geart^d up and the i)ropeller is 
geared down it is necessary to convert the inertias and equivalent shafts 
to engine speed. An in-line engine used as a propeller drive would be 
represented by as many masses as there are cylinders plus the super- 
charger and propeller masses. 

A marine installation having a six-cylinder engine, a flywheel, and a 
propeller would be represented by eight masses. A generator unit 
driven by an eight-cylinder engine with flywheel would have ten masses : 
eight for the engine, one for the flywheel, and one for the armature. 
If an exciter i^r attached to the end of the armature, another mass would 
be added. Systems of this type are simpler to reduce to an equivalent 
system than the example worked above in that fewer types of elements 
are involved. Because of the larger number of masses, they become 
more difficult to solve for critical speeds. 

Figure 6* 11a shows a more complex system involving a divided or 
branched shaft. Such systems are frequently encountered in such 
machinery as marine installations having dual propellers driven b}’^ a 
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(‘ornmon reducer or prime mover. These systems cannot be reduced to 
HO simple an equivalent system as those indicated previously. They can, 
however, be reducenl to such a system as is shown in Fig. 6*116. 

To solve for the natural frequencies of a branched system using tlu' 
tabulation method, it is necessary to start with the mass at the end of 
one of the branches, such as mass /i in Fig. 6 -116. This mass is arbi- 
trarily given an angular amplitude = I radian, just as in the simpler 



(a) 



Fig. 6 11. 


types of problems. Then the branch is analyzed just as a single shaft 
problem until the common disk is reached. Here it is found that 
has a definite amplitude /Sa. If both branches are identical, IS 2 will be 
equal to 1 radian in order that wHl be the same for both branches. 
If the branches are different it is necessary to assume temporarily that 
= 1 radian and then work to the junction and get a second value for 
/^ 3 . It is impossible, however, for one mass to have two different dis- 
placements. We shall, therefore, make the second equal to the first. 
If we make them equal, all amplitudes on the second branch will be 
changed a proportional amount. We msiy proceed with these new ampli- 
tudes and determine tJie moment that each branch exerts on the common 
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single mass. After these two values are added, the remainder of the 
solution is the same as for a single-shaft problem. A different and often 
more convenient method of solution for such problems using the mobil- 
ity method is given in Chapter VII . 


PROBLEMS 

6*1. A geared drive is shown schematically in Fig. P6-1. Set up the equivalent 
syst(;rn at the si)eed of disk Ii and make a sketch of it with tlie various leiigtlis of 


I in., L,*36 in. 


IT' 

j\ 

.1. 


jlL 

^ 7 

<£ 2 - 2.26 in., L/ 72 in. | 


^2=22 

Fig. P 61 . 


shafts and moments of inertia indicated on it. Neglect the mass of the gears. What 
is the natural fre(jii(*iu*y for torsional vibration? 

6-2. In Fig. P(i-2 the values corresponding to each clement are 


/i = 15 11) in. sec^ 
^2 — 4 lb in. sec*-’ 
/a = 5 lb in. sec“ 
I \ — 6 lb in. sec" 
/& = 27 lb in. sec" 


La ~ 15 in. 
Lb = 10 in. 
Lc = 38 in. 



da = in. 

db = H 

dc - 2 in. 


The speed of mass 2 is 240 rpm, the speed f)f mass 3 is 200 rpm, and the speed of 
iiuiss 4 is 180 rpm. 

(a) Sketch the eqiiivaleuit sysUnn. 

(h) Set up and determine the valutas of the equivalent moments of inertia at the 
speed of mass 2. 

(c) Set up and deh^rmiue the values of the equivalent lengths of shaft at the 
speed of mass 2. 

(d) What are the resonant frequencies? 

6 *3. A radial airplane engine and propeller system reduces to an equivalent system 
of two masses. The moment of inertia, /p, of the propeller is 150 lb-in.-sec^ and that 
of the engine rotating parts /<• is 6 Ib-in.-sec^. The torsional stiffne&s of the shaft 
Ixil ween the masses is 2,000,000 lb-in. /radian. What is the natural torsional fre- 
(juency? If Ip had been 200, what would the frequency have been? What if /« had 
b('(;n 5? What would iti be if the stiffness had been 3,000,000? What is the most 
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effective way of changing the natural frequency? If Ip is considered infinite, what is 
the natural frequency? 

6 * 4 . In the two-disk problem 4-5 the natural frequency is very near the operating 
speed so that a pendulum tyi)e absorber, such as is shown in Fig. 5-21, is attached to 
the second disk. This does not change the value of 1 2 appreciably. The moment 
of inertia of the swinging weight is 1.9 Ib-in.-sec^ about the axis of the shaft. Each of 
the 4 springs has a sju-ing constant k — 800 Ib/in., and they act at an effective radius 
r — 5 in. Sketch the equivalent system and include the equivalent /^s and A:/s on it. 
What are the natural frequencies of this system? 

6 * 6 . (a) Set up the equivalent system for the automobile drive shown in Fig. 
P6-5. 



(6) Determine the two lowest natural frequencies. Why is it possible tc analyze 
the engine-flywheel system separately? The necessary information is: 

Car weight, 3000 lb. 

Piston weight, 1 lb 12 oz. 

Connecting rod weight, 2 lb; length, 12 in.; center of gravity, 3 1 in. from crankpin. 
Crank dimensions as shovm. 

For the drive shaft assume direct drive and that the shaft is 76 in. long and i f in. 

in diameter from flywheel to differential pinion. 

Differential gear ratio is 4.1 to 1. 

Each side of the rear axle is 24 in. long and is if in. in diameter. 

Wheel and tire, diameter 28 in., weight 40 lb. I is determined by suspending the 
wheel on a knife edge 7.69 in. from wheel axis and counting 42 complete cycles 
per minute. 

6 * 6 . Analyze the engine and flywheel system in problem 6-5 to find the lowest 
natural fre(juency. 
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6 - 7 . Figure P6‘7 shows a schematic drawing of a 7-cylinder radial engine drive. 
The dimensions are indicated on the drawing. The elasticity and mass of the gear 
reduction unit may be neglected. Additional data are: 

Propeller: Ip — 125 lb-in .-sec^. 

Piston : Complete weight Wp = 4.9 lb. 

Master rod: Weight Wm = 14.5 lb. 

Length (center to center) Lm = 10 in. 

C. of G. is 1.25 in. from crankpin. 

Articulated rods: Weight ITa = 2.5 lb. 

Length (center to center) La = 7.5 in. 

C. of G. 3.G in. from piston pin. 

Gear reduction: Motor speed to propeller speed 3 : 2. 


r\ Tk T Tk q''t 




Fig. P6-7. 


— J 3%'' L- 



(a) Set up the equivalent system for this drive. 

(h) Determine the lowest critical speed. 

6 * 8 . A small boat is driven by a single propeller drive. The drive is shown in 
Fig, P6-8. The inertia and elasticity of the gears are considered negligible. The 





mm 


Lig>i 
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engine crankshaft find flj'wdieel have the dimensions indicated. Additional data are: 


Piston: Weight Wp = 5.5 lb. 

Connecting rod: Weight Wc = 7| lb. 

Length (center to center) Lr =* 12 in. 

C. of G. is 9 in. from wristpin. 

Propeller: Ip = 0.8 Ib-in.-sec^, including the effect of entrained water. 
Propeller shaft: Length L., = 8 ft 3 in. 

Diameter in. 

Drive shaft from flywheel to gear: Length Lj =- 9 in. 

Diameter Dd - l-jV 


Gear reduction: 2:1. 


(а) Set up the equivalent system for this drive. 

(б) Solve for the two lowest natural frequencies. 

6 * 9 . Set up the equivalent system for problem 6-8 when a dual propeller drive is 
used instead of the single propeller drive. The same drive shaft and propeller as in 
problem 6*8 is used for both branches. Find the natural frequencies for this system. 



CHAPTER VII 


BEAMS 

7 • 1. Introduction. A common type of vibration encountered in struc- 
tures and machines is the lateral vibration of members acting as beams. 
Since such members are so common in stmctures and in machines (in- 
(^luding shafting), methods of determining the frequency of such vibra- 
tions are included. 

Beam vibration problems can be divided into several classes. The 
simplest of these is that of a beam carrying a single mass where the mass 
is sufficiently large that the weight of the beam itself can be neglected. 
The methods of solving such problems are discussed in section 2*15. 
These systems behave essentially as vsystems of a single degree of free- 
dom. The second group irujludes problems where several masses are 
present and where the weight of the beam again is negligible. In this 
case relatively simple solutions can be obtaiiud for the natural fre- 
fjuency using both graphical and analytical methods. The third class 
includes problems where the beam mass itself is relatively large or where 
the beam is loaded with a distributed mass. In this case a more general 
approach to the problem is necessary. This chapter will consider the 
general differential equations which apply to beam vibrations together 
with simplified methods of approximating the vibrations of such systems. 
There are a number of methods available for solution of more complex 
problems or of obtaining more exact solutions such as those of Stadola,^^ 
Myklestad,^*^ and Proll.®^ These, however, are beyond the scope of this 
book and will not be discussed here. 

7*2. Concentrated Weight on Beam. The analysis of a weightless 
simple beam carrying a concentrated weight was discussed in section 
2 *15. The solution for the natural frequency of weightless beams carry- 
ing a concentrated weight can be written in the general form 

^ I ^QEfg 3.13 _ 

where / = natural frequency, in cycles per second 
Q = beam constant given in Table 7*1 

E = modulus of elasticity of beam material in pounds per square 
inch 
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I — sectional moment of inertia in inches^ 

W = concentrated weight in pounds 
L = beam length in inches 
5,t = static deflection in inches 

This formula gives reasonably accurate results even when the weight of 
the beam is equal to that of the concentrated weight. A more accurate 
solution can be obtained by considering part of the beam weight as con- 
centrated at the load. The amount depends upon the type of beam and 
the end conditions and will be discussed later. 


TABLE 71 


Cantilever 



Deflection 

WL^ 

SEl 


WL^ 

ASET 


Fixed Ends 



WL* 

19ZEI 


Q 


48 


192 


Illustrative Problem. Find the natural frequency of an aluminum alloy canti- 
lever beam weighing 12 lb and having a moment of inertia of 2 in.”* The beam 
is 24 in. long and carries a concentrated load of 16 lb at its outer end. 

Solution, If the beam is considered as weightless, the natural frequency is 

1 pMg _ 1 13(10^0, dddj2(^ 

~2wy 16(24)3 
= 53 cycles/sec or 3170 cycles/rnin 

If the beam weight is taken into consideration the correct value is 2940 cycles 
per min. This is an error of about 7.5%, which may not be considered excessive 
under conditions in which the weights, dimensions, and physical properties are 
not accurately known. 

7-3. Rayleigh Method for Beams. Rayleigh 3i suggested an approxi- 
mate method for determining the natural frequencies of beams which 
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gives results sufficiently accurate for most purposes. This method 
equates the maximum potential energy to the maximum kinetic energy 
as determined from an assumed deflection curve. If the correct deflec- 
tion curve is assumed, the exact answer for the fundamental frequency 
is obtained. The accuracy of the method, therefore, depends on how 
closely the deflection curve can be predicted. 

When a beam is deflected potential energy is stored as a result of 
the bending. This energy may be expressed as the product of the aver- 
age moment and the angle through which the beam is deflected, or 

rM 

PE [7-2] 

where M = bending moment in inch-pounds 
0 — angle of bending in radians 

The ecpiation for the angle of bending is 

M 

dd = — dx 
El 

so that the potential energy may be written as 


C^M- 

PE = j dx 

Jo 2EI 

[7-3] 

The value of the bending moment is given by the eejuation 

d^y 

M = El " 

dx^ 

[7-4] 

so that 

El r /d^y\ 

2 Jo VdxV 

[7-5] 

The kinetic energy is given by 

KE — 

[7-6] 


The mass for a unit length beam is w/g] the velocity at any point with a 
deflection of y is 

V = I/O) 


The kinetic energy for the whole beam is found by integrating over the 
entire length of beam; 
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Since it is assumed that no energy is lost, the maximum kinetic energy as 
given by equation 7*7 is equal to the maximum potential energy as 
given by equation 7*5. If these two are equated and solved for 
the result for the lowest natural frequency is 



where co is in radians per second. The natural frequency is fortunately 
not particularly sensitive to the exact form of the deHec^tion curve, and 
so, if an approximate value which fits the extreme condit ions is assumed, 
a reasonably good approximation will result. If vseveral deflection curves 
are tried the one giving the lowest frequency is the most accurate value. 

Illustrative Problem. Find the natural frecjuency of a beam fixed at the ends 

as shown in Fig. 7 1. 

Solutim. The beam deflects along the 
line indicated in Fig. 7-1. This line has 
approximately the form of a cosine wave 
with the axis shifted a distance equal to 
the amplitude of the cosine wave. There- 
fore, it would be reasonable to a.ssume that the deflection equation is 



Fig. 7 1 . 



This result is very near the exact answer given in Table 7 • 2, Wfiere the constant 
is 3.57. The equation also shows that the assumed curve is not the exact one. 
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7*4. Energy Method. The solution of several types of problems is 
facilitated by utilizing the results of the energy method, particularly in 
dealing with distributed masses and multi-mass systems. The energy 
method also depends upon equating the potential and kinetic energies. 

When a beam is deflected to its maximum position, all the energy 
stored in the system is potential energy and equal to 

PE = Average force (distance) 

If the beam is divided into many small parts, the v eights of which are 
IT, the total potential energy is ecjual to the sum of the potential eiuagy 
of all the individual parts. The total deflection under a weight w Wi Ik^ 
e(|ual to the sum of the dt'flectioiis at that point due to all the other 
individual weights. According to the theory of superposition, the rea(^- 
tion at a point due to several actions is equal to the sum of the reactions 
resulting from the application of each action taken individually. If the 
deflection from the eciuilibrium point is considered the change in poten- 
tial energy for one weight IT is 

PE = W [7d^] 

where y is the displacenaait from the equilibrium position. 

The maximum kinetic energy is given by the expn^ssion 

1 o 1 o o 

KE = == [7 • 10] 

2 <7 2 g 

Since the kinetic energy is zero when the potential energy is a maximum, 
and vice versa, and the energy remains constant, the maximum total 
potential energy will equal the maximum total kinetic energy. Thus 
when the energies for all the indi\ idual masses are sununed up we have 


or 



IT 


h^ky 


2 




where w = natural frequency in radians per second 
g = 386 ii/./sec^ 

k = spring constant at each weight in pounds per inch 
IT = increments of weight in pounds 
y = deflection in inches 
S = summation sign 


[7.11] 


If the deflection curv'e under dynamic action is the same as under the 
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static load, the dynamic deflections are proportional to the static de- 
flections. Then 

y = cys 

and so equation 7*11 becomes 


As the value of k is W /ys^ the above expression may be reduced to 


27r 


[7*12] 


This form reduces the work involved in numerical solutions since only 
the static deflection at each weight is needed. 

Illustrative Problem. Find the natural frequency of a beam with a uniform 
section as shown in Fig. 7*2. 

yW Ib/in. 


Fig. 7 -2. 




Solution. 
materials is 


The deflection equation as given by textbooks on the strength of 




Lh) 


where w — weight of unit length beam in pounds per inch. To find the values of 
and f<^r a uniform beam, it is necessary to integrate. These expres- 

sions are 

y) W^U* 

J nL/2 , \2 31 ^ 3^9 

. (su) -'-’">'”-^- 362:8801^ 

wdx — weight for a length of shaft dx inches long 
The natural frequency will be 

1 I'gw^L^ 362 , 880 £' 2/2 
“ 27r \120£^/ 3lw^L^ 


= 1.57 * 


r radians/sec 


This result is the exact answer since the actual deflection curve is used. 
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7 *6. Solution for Beam with Uniform Section. When the beam sec- 
tion is uniform the deflections may be obtained analytically by using 
the principles of superposition. This principle states that the total 
deflection caused by several weights is equal to the deflection caused by 
any one weight alone plus the deflections at that same point caused by 
each of the other weights acting individually. This holds within practi- 
cal limits if the deflections do not become excessive. The method and 
all its details may best be explained by considering the following problem. 

Illustrative Problem. A uniform shaft 48 in. long between bearings carries 
two pulleys, one weighing 50 lb and the other 35 lb. The large pulley is 12 in. 
from the left bearing, and the smaller pulley is 14 in. from the right bearing, as 



Fig. 7-3. 


shown in Fig. 7-3. The shaft has a moment of inertia I = 0.25 in.^ and an 
E = 30,000,000 Ib/in.^ The bearings are self-aligning so that the ends can 
be considered point supported. What is the lowest natural frequency for this 
system? 

Solution, The deflections at the two points must be obtained first. They are 
obtained from the expiation for the deflection due to a concentrated load, which is 


y 


Phx 

for ^ a 


^LEI 

From this the deflection under the 50-lb load due to the 50-lb load is 

Pba ,,, ,, Pa^b'^ 

»' - oISI*'' - “> - am 


50 ( 122)362 


= 0.00830 in. 


3(30)10^(0.25)48 
At the 35-lb load due to the 35-lb load the deflection is 

35 ( 142)342 


2/2 


= 0.00733 in. 


3(30)10^(0.25)48 
The deflection at the 50-lb load due to the 35-lb load is 
35(14)12(482 - 142 _ 122 ) 


2/3 


6(30)10«(0.25)48 


0.00533 in. 
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The deflection at the 35-lb load due to the 50-lb load is 


50(12)14(482 - 122 _ 142) 
6(30)10«(0.25)48 


0.00762 in. 


The total deflections at the 50-lb load and 35-lb load are 

2/60 = 2/1 + 2/3 = 0.00830 -f 0.00533 = 0.01363 in. 
2/35 == 2/2 -h 2/4 = 0.00733 -f 0.00762 - 0.01495 in. 
The natural frequenc}^ then 


— JL /^( ^^502/60 ~h 11^362/3 5) 

27r \ Tr6o2/6o“ 4- 

1 k50(0.01^)“3) -f 35(0.0149^ 

” 27r \ 50(0.01363)2 -f 35(0.01495)2 

— 26.3 cycles/sec or 1575 cycies/iiiin 


[7-13] 


Among the several approximations that have been considered here 
are that the hubs of the pulleys have no influence on the sliaft stiffness 
and that any belts present have no influence on the system. It can be 
proved that the natural frequencies for lateral vibration are the same as 
the critical speeds for a rotor. This would indicate that a speed of 
1575 rpm would not be advisable. Other critical speeds above this 
fundamental frequency must be determined by other means. 

7*6. Solution for Beam with Non-uniform Section. When the shaft 
is not of uniform section, the determination of a formula for the deflec- 
tion becomes impractic^al because the value of the sectional moment of 
inertia as well as of the bending moment varies with the distance along 
the shaft. ^ The basic equation involving deflection is 


dPy — M 

7x^ "" 


[7.14] 


If the quantity M/EI is plotted and graphically integrated twice, the 
deflection curve is obtained. Several methods are available for per- 
forming this integration. The method used here is the complete graphi- 
cal method. After the deflections are known, equation 7*12 may be 
used to determine the natural frequency, that is. 


A specific problem illustrates the procedure. 
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Illustrative Problem. A steel shaft has two forces applied as shown in Fig. 
7-4. The dimensions are as shown. What is the fundamental natural fre- 
quency? 



Solution. After the shaft has been laid out to some scale, Fig, 7 •4a, and the 
loads put in position, a force polygon, Fig. 7-46, should be constructed using 
Bow^s notation for funicular force polygons. (The force between space A and 
space B is force ah, etc.) After some arbitrary point 0 is chosen at a convenient 
distance hi from the forces, the force rays aO, 60, etc., are drawn in. At the 
same time, lines parallel to oO, 60, etc., are drawn between the iines of action 
of the original space drawing beginning with aO across space A, that is, from 
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the line of action of DA to the line of action of AB. After cO is drawn, one 
final line is drawn in across space D in such a way as to intersect the original 
starting point of aO. This line closes the funicular polygon. Now by drawing 
dO in Fig. 7 • 46 parallel to dO of Fig. 7 • 4r, the point d of the force polygon is 
determined, and thereby the two reactions of the bearings on the shaft can be 
scaled off. At the same time the vertical distances between lines of the polygon 
in Fig. 7 '4c represent the bending moments at the coiTes})on(ling positions on 
the space drawing. The scale is equal to Sz = SiS^hu which in this example 
is Sz — 6(200)2 = 2400 lb-in. All scales S are the values for one inch. Under 
the 300-lb load the moment is approximately 2400(0.73) = 1750 lb-in. 

The remaining moments may be determined in like manner. Now the values 
of M/EI must be determined and plotted as shown in Fig. 7'4d. The length 
of the shaft has been broken up into several parts. It is necessary to evaluate 
M/EI for every point where the section changes or a force is applied. For 
succeeding work the accuracy depends upon the number of increments into 
which the beam is divided. In this case it seems advisable to divide up the 
space between the 130-lb load and tlie right reaction. The plot of M/EI is 
shown in Fig. 7'4d to a scale of Sa = 1 in. = 30(10~^). After the midpoints 
of the chosen sections of the shaft are selected tind tlien projected across to a 
vertical line, rays are again drawn from these latter points to a pole point 0i 
located on the same line as the base line for the M/EI diagram, as shown in 
Fig. 7 • 46 . At the same time lines are drawn successively across the chosen 
sections parallel to the ray corresponding to the midpoint of that section. 
Figure 7-4/ is the resulting diagram that represents the relative slope. The 
scale is — SiSih^ = 30(10“®)6(2) = 360(10'"^). By taking the midpoints 
again and drawing the rays, the deflection curve shown in Fig. 7 *46 is obtained. 
Any convenient pole point may be used in Fig. 7 • 4^ in order to get a well- 
balanced deflection curve. At the same time the pole has been taken to the 
right of the vertical line to obtain the deflection downward. The deflection 
scale will be == S^ihz = 360(10-«)6(1) - 2160(10-®) = 0.00216 in./in. We 
can see that if the pole distance had been taken as 0.926 in. instead of 1 in. the 
deflection scale would have been 0.002 in./in. From the end conditions we 
know that the zero deflection line will extend from the points where the first 
and last rays intersect the lines of action of the reactions. After drawing this 
zero deflection line, any deflection along the beam may be determined by meas- 
uring the vertical distance between the zero line and the deflection curve. The 
maximum deflection is = 0.00216(0.53) = 0.00114 in. The deflection 
under the 130-lb load is 0.00108 in. and the deflection under the 300-lb load is 
0.00095 in. From this the natural frequency may be determined as being 


= _L + ^22/2) 

27r \ -1- W2y2^ 

1 /386[300(0.000950) + 130(0.00108^ 

27r \ 300(0.000950)2 -f- 130(0.00108)2 

== 99.2 cycles/sec or 5950 cycles/min 


[7-15] 
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This indicates the lowest critical speed would be around 5950 rpm and should^ 
therefore, be avoided. The influence of hubs and such may be considered by 
using the hub diameter as part of the shaft. The flexibility of the bearings and 
supports has been neglected in all cases here. Where flexibility is present in 
the supports the frequencies are lowered considerably, many times to less than 
three-fourths of the calculated value. 


7*7. General Solution for Beam Vibration. The general analysis of 
l)eam vibration reciuires an eejuation for the beam bending moment as 
expressed in terms of the physical properties. This relation as given in 
any textbook on strength of materials can be written 


M = El 


d^y 

dx^ 


[7-16] 


where M 
E 
I 
y 

X 


= bending moment in inch -pounds 
= modulus of elasticity in pounds per square inch 
= section moment of inertia in inches^ 

= beam deflection in inches 
= distance along the beam in inches 


Another equation giving the relation between shear force, F, and the 
change of the bending moment along the beam is 



[7-17] 


where V = shear force in pounds 

A vibrating beam may be assumed to have simple harmonic motion at 
any one point. The acceleration of any point may then be written as 

A = //w- 

where A = acceleration in inches per second per second 
y = deflection in inches 

w = angular frequency of vibration in radians per second 
If the weight per inch of the beam is w, the force can be written as 


or 


dF = {dm) A = (yee^) dx 

(IF w 
dx g 


[7-18] 


That is, the change in vertical dynamic load over a length dx of beam is 
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given as {w/g)yJ^. From equations 7-16 and 7 17 it is found that the 
change in vertical shear force is 


dV ^ dHf ^ 

dx dx^ dx^ \ dx^) 


The dynamic load dF/dx on the vibrating beam acts as a beam load 
dV /dxy and so the equation of motion for a uniform beam is 


or 


d^y 

EI—^ = 
dx"^ 


(J 


d^y w 0)^ 

“7 y = 0 

dx^ g El 


[7- 19] 


Equation 7-19, though similar in form to those discussed in Chapter 11, 
involves the fourth derivative of y. As in the equations discussed in 
C Chapter II, the solution of y in terms of x must be such that when differ- 
entiated it will not change its general form. As in those examples the 
solution must have the form 


y — C sin rriXy C cos mo*, or CV”^ [7 • 20] 

Since CV""' is the most convenient form it will be used here. The solution 
of equation 7*19 can be obtained by the method outlined in section 2 -3. 
The auxiliary equation is 

W 0)^ 

m‘^ = 0 [7-21 1 

g El 

The roots of this equation are 


mi = ]} 

^2 == -p 

[7 -220] 

m3 = ip 

rrii = —ip 


where 



1 

ijw or 


p — ^ 


[7-226] 

The general solution is, therefore, 

y = 

+ Cse'P* + 

[7-23] 


In section 2-3 it was shown that by making the substitution 


and 


^ipx _ ^ ^ 
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the last two terms of equation 7 -23 could be written in terms of cos px 
and sin px^ giving 

y = C\e^^ + C 2 e'~^^ + A 3 sin px + A 4 cos px [7 ‘24a] 
Similarly, it can be shown that 

= cosh px + i sinh px 

^-PX _ __ 

so we can write 

C\e^^ + = A I sinh px + Ao cosh px 

Tlie resulting form of equation 7-23 would be 

t/ = Ai sinh px + A 2 cosh px + A 3 sin px + .I4 cos px [7-24h] 

Equation 7 • 246 will represent the deflection curve of any beam having 
a uniform section. The values of the constants C and A will depend 
upon the boundary conditions as determined by the type of beam and 
the manner in which it is supported. Iliese boundary conditions are 
c^xpn^ssed as deflections, slopes, bending moments, or shear forces. At 
(‘ach end of the beam two of these quantities are zero. For example', 
// = 0 expresses the condition that the de^flection is zero, dy/dx = 0 
means that the slope of the beam is zero, d^y/d/x"^ = 0 indic^ates that the 
bending moment is zero, and d^y/dx^ = 0 shows that the shear force is 
zero. It is also necessary to specify the points in the beam where values 
are zero. 


niustxative Problem. Find the natural frequency of a uniform beam simi)ly 
supported at the ends. 

Solution, The end conditions which apply are y — 0 and d-y/dx^ = 0 at 
both X = 0 and x ~ L. If the conditions y — 0 at x = 0 are substituted in 
e(pmtion 7 • 246, we find 

0 = ^ 4 i(()) -j- ^2(1) + A 3(0) + A 4(1) 
or 

A 2 + A 4 - 0 [7- 25a] 

The condition d^y/dx^ = 0 at x = 0 will give 


dx 


■ pA\ cosh px 4- pA 2 1 


dx^ 


V 


0 = pum + V^AiiX) - pUsiO) ~ fAid) [7-256] 

or 

A2 — A4 = 0 
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Adding, and subtracting this value from 7 • 25a gives 

A2 = -4.1 = 0 

The solution then reduces to 

y — A 1 sinh /).r -f A 3 sin px [7 • 25c] 

Using the condition ?/ = 0 at x = L we have 

0 = Ai sinh pL -f As sin pL [7-25d] 

The condition d-y/dx^ — 0 at x ~ L gives 

0 = 1 sinh pL — pMs sin pL [7 • 25c] 

Adding, we have 

AiHinhpL = 0 [7-25/] 

Subtraction gives 

A 3 sin pL = 0 [7 • 25^] 

Since sinh pL is zero only for L = 0, A 1 must be zero to make tlie term Ai sinh pL 
zero for any other values of L. Howerv^er, the value of sin pL can equal zero for 
many values of pL. Then, if y is not zero at all places, A3 cannot be zero. 
The solution will be 

y — As sin px [7 • 20] 

The deflection is always zero at x — L regardless of the mode of vibration; 
therefore we can say that 

pL = TT, 27r, Stt- • -aTT 

or that 


Upon equating this value of p with that in equation 7 • 226 we have 


This gives 


where C — 


til 

\ w 


nV to 

27r \wL^ 


: cycles/sec 


nV TT 47r Ott 


^ - 2 2 ^ 2 ^ 2 ' 

g = 386 in./sec^ 

E = modulus of elasticity in pounds per square inch 
I = moment of inertia of beam section in inches^ 
w = beam weight in pounds per inch 
L = beam length in inches 

This equation shows that the natural frequencies of a uniform beam simply sup- 
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ported at the ends progress as 1, 4, 9, 16, etc. The modes of vibration for these 
frequencies are indicated in Table 7*2. Modes are given at certain fractions of 
the beam length measured from the right end. Equation 7 • 27 although derived 
for a particular problem is actually a general form for any uniform beam. The 
values of C for any other beam are given in Table 7 • 2. 

7*8. Effect of Distributed Weight. When beams carry a concentrated 
weight the energy method can be used for determining the effect of the 
weight of the beam. It is convenient to replace the distributed beam 
weight by an equivalent weight placed at the concentrated weight. 
Then the problem is solved by the method explained in section 7 • 2 for a 
concentrated weight on a beam. Dent has worked out a number of 
these beam problems. The method may best be described by following 
through an illustrative problem. 

Illustrative Problem. Find tlie proportion of the beam weight that must be 
added to the concentrated weight of Fig. 7 • 5 to allow for its distributed weight. 



Fig. 7 -5. 


Solution. By equation 7-12 the frequency is 
, 1 IgXW^ , , 

If it assumed that part of the distributed weight is combined with the con- 
centrated weight so that the composite weight at the end is W\ the equation is 


= i /Z = -L 

2 t\us 27r\TF'L3 


The conditions expressed by these equations are 

1 ^ _ 48ig/ 

ijs ~ ^Wi/ ~ W'L^ 

or 

_ 4SEI 

^ ■ L3 i:Wy 

If it is assumed that the total deflection is given by the deflection due to 
weight W plus the deflection by the distributed w we have 


2/ == ?/i + 2/2 


48H + Si 


At midspan, where the concentrated weight is, the deflection is 

WI/ 



TABLE 7-2. 



















EFFECT OF DISTRIBUTED WEIGHT 


148 


For concentrated loads 


38® 
WI? 


/ WfJ* 

^ (^) 

For the distributed load 

y*// ''2 

= 2j M>(?/i + 2 / 2 ) (fa = (Ifnc// + 25TF//) 

C‘--^ , 2w rti2(()==L'' ,277IFu;LS 17^2/; 

llF?/rf- - 2j^ w(i/, + i/ 2 ) (fa - [ (530 896 70 


] 


Tlie total values of the summations are 
(Fj/o + STFj/rf = — 2 ^ (401F2 + 50H^(e/. + IfVu-^L^) 


nw + 2W?j/ = 


ij 

315(384i7)2 


(2(),U>()fr^ -h 33,912}nfrL 


-f- 20,34()ir(/-/;‘ -f 3imw^/j) 


If K = wL/^', ‘‘iod the last two e(juations are used to solve for W' as ])reviously 
indicated, the result is 


W' = W IW 


/ 2178 4- 3069K + 992A'2 \ 
Uo40 4* 0300A + 2016AV 


- W 4- VWh 


[7 -2(8] 


Where If* = wL the value of the term in parentheses or U is the fraction of 
the beam weight desired. K is the ratio of the beam weight to the concentrated 
weight. The value of V for any value of K is indicated in Fig. 7 • 6. This figure 



shows that the variation ranges from 0.432 at A = 0 to 0.492 at A — «3. An 
average value of about 0.46 would seem reasonable for most beam problems. 
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A similar analysis shows that for a cantilever with a weight at the end 

_ 5940 4- 4410A' + OlO/v^ 

25,200 + 18,900Y -flfSOA^ ^ 

The values for this are shown in P4g. 7 -7. A value of 0.24 will he close enough 
for all practical problems. 
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For a bejim with ends fixed and a weight in the middle the constant bec^omes 

_ 233 + 21 9 A 4- 64 
630 4“ 630 A 4" 16SA“ 

The values of V are indicated in Fig. 7 mS. ( )d(lly it reaches a minimum of about 
0.361 at A =1.4. A reasonable average would seem to be 0.37 or §. 

.39 
.38 

.80 

..35 

0^1 2 3 4 6. 

JC 

Fig. 7-8. 





A 

— 

sympt 

ote .3 













HI 










— 





Fix 
1 

ed En 

ids 





Professor Dent has also prepared tables for: 

A cantilever beam with load not at end of beam (Table 7*3). 
A simple beam carrying a single load (Table 7-4). 

A fixed beam with a simple load (Table 7-5). 

A simple beam with two loads (Table 7-6). 

A fixed beam with two loads (Table 7-7). 

K and N as used in the tables are defined as 

Total distributed load 

K = 


Concentrated load 
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Distance of concentrated load from end 

n == 

Length of beam 

The values given in Tables 7-3 to 7-7 are the ratio of equivalent 
single concentrated load to total load, P. The equivalent load for a 
cantilever beam is (lonsidered concentrated at the end and for the simple 
and fixed beams at the center. 


TABLE 7*3 


K 

tt — 0.2 

M = 0.4 

n = 0.6 

n> = 0.8 

n = 1.0 

1 

0.0 

o.oos 

0.064 

0.210 

0.512 

1.000 

0.1 

0.022 

0.077 

0.218 1 

0.486 

0.925 

0.2 

0.038 

0.088 

0.219 1 

0.400 

0.874 

0.5 

0.07?^ 

0.115 

0.222 

0.421 

0.746 

1.0 

0.120 

0.145 

0.226 

0.376 

0.618 

2.0 

0.1 00 

0.176 

0.230 

0.331 

0.489 

5.0 

0.201. 

0.209 

0.235 

0.285 

0.362 

10.0 

0.219 

0.223 

0.238 

0.264 

0.307 

3LOO.O 

0.238 

0.238 

0.241 

1 0.243 

0.248 


TABLE 7-4 


7v 

n = 0. 1 
or 0.9 ! 

ft = 0.2 

or 0.8 

// = 0.3 
or 0.7 

n = 0.4 

or 0.6 

n = 0.5 

0.0 i 

0.130 

0.410 

0.706 

0.923 

1 .000 

0.1 

0.153 

0.411 

o.esc 

0.007 

0.950 

0.2 

0.176 

0.412 

0.669 

0.887 

0.914 

0.5 

0.232 

0.419 

0.628 

0.825 

0.830 

1.0 

0.293 

0.432 

0.587 

0.742 

0.741 

2.0 

0.361 

0.448 

0.552 

0.648 

0.658 

5.0 

0.426 

0.468 

0.519 

0.556 

0.576 

10.0 

0.457 

0.478 

0.506 

0.524 

0.537 

100.0 

0.491 

0.490 

0.494 

0.498 

0.499 
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TABLE 7*5 


K 

« = 0.1 
or 0.9 

n = 0.2 
or 0.8 

n = 0.25 
or 0.75 

n = 0.3 
or 0.7 

// = 0.4 
or 0.6 

n = 05 

0.0 

0.047 

0.203 

0.420 

0.592 

0.895 

1 .000 

0.1 

0.058 

0.261 

0.406 

0.567 

0.836 

0.942 

0.2 

0.074 

0.261 

0.396 

0.546 

0.795 

0.896 

0.5 

0.125 

0.269 

0.377 

0.501 

0.710 

0.791 

1 .0 

0.188 

0.287 

0.363 

0.463 

0.621 

0.689 

2.0 

0.253 

0.314 

0.362 

0.428 

0.538 

0.584 

5.0 

0.319 

0.347 

0.367 

0.400 

0.456 

0.480 

10.0 

0.348 

0.362 

0.373 

0.391 

0.420 

0.433 

100.0 

0.378 

0.380 

0.380 

0.383 

0.387 

0.388 


TABLE 7-0 


K 

n = O.l 

n = 0.2 

w - 0.25 

1 

= 0.3 

n = 0.4 

// = 0.5 

or 0.9 

or 0.8 

or 0.75 

or 0.7 

or 0.6 

0.0 

0.104 

0.352 

0.500 

0.648 

0.897 

1.000 

0.1 

0.138 

0.363 

0.49f) 

0.637 

0.861 

0.950 

0.2 

0.170 

0.374 

0.492 

0.626 

0.827 

0.914 

0.5 

0.234 

0.398 



' 

0.607 

0.762 

0.830 

1.0 

0.299 

0.423 


Con- 


0.582 

0.692 

0.741 

2,0 

0.363 

0.448 


staiit 


0.556 

0.626 

0.658 

5.0 

0.426 

0.472 


at 


' 0.526 

0.559 

0.576 

10.0 

0.456 

0.481 


491 


0.510 

0.529 

0.537 

100.0 

0.488 

0.491 




0.494 

1 

0.497 

0.499 


TABLE 7-7 



71 = 0. 1 
or 0.9 

// = 0.2 
or 0.8 

- 0.25 
or 0.75 

n = 0.3 
or 0.7 

71 = 0.4 
or 0.6 

n = 0.5 

0.0 

! 

0.027 

0.179 

0.312 

0.474 

0.819 

1.000 

0.1 

0.048 

0.192 

0.316 

0.465 

0.782 

0.942 

0.2 

0.071 

0.204 

0.320 

0.456 

0.747 

0.896 

0.5 1 

0.131 

0.233 

0.329 

0.443 

0.675 

0.791 

1.0 ' 

0.194 

0.266 

0.340 

0.425 

0.600 

0.689 

2.0 j 

0.257 

0,302 

0.351 

0.410 

0.526 

0.584 

5.0 

0.320 

0.340 

0.366 

0.394 

0.453 

0.480 

10.0 

0.355 

0.358 

0.372 

0.387 

0.420 

0.433 

100.0 

0.377 

0.379 

: 0.380 

0.382 

0.385 

0.388 
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Illustrative Problem. A simply supported 10-in. I })oain 10 ft long weighs 
30 Ib/ft, carries two concentrated loads of 1000 Ih each 3 ft from the ends, 
and an additional distributed load of 70 Ib/ft. Find its natural frequency. 
(7 = 133.5) 

Solution. 

(30 4-70)(10) 

- - m> - - 


A - 


0.3 


From Table 7 0 we find for K — 0.5 and N ~ 0.3 and 0.7 that P — 0.007. 
The e(iuivalent concentrated load at center ~ (2000 -f 1000)(0.()07) = 1821. 
From e(iuation 7* 1 and Table 7 • 1 


I 


1 

27r 


V 


4,s(;}^( 1 0'')(3«ti)( fss.f)) 

( 1820 ( 120 ")“ 


21.3 cycles/sec 


7*9. Effect of Elastic Support. All previous (‘xampkis have assumed 
that the supporting structure is rigid or has no motion. This assumption 
is incorrect beciause the su])port always moves to some degree, and so the 
natural frecjuency is lower than the calculations would indicate. The 
error might l)e estimated by providing for an increased elasticity. The 
effect might be visualiz(‘d Ixdter by referring to ¥'\g. 7-8, where the 
shaft is extended to intcu'sect the zero axis when the lj)eam is in equilib- 
rium. . The effective length of the shaft is therefore longer than the 
actual length. The (Tfective length would be ecjual to Le in Fig. 7-9. 



Fi(i. 7-0. 


7*10. Vibration of Thin Flat Plates. The theory of vibration of plates 
is rather difficidt, and the results are of limit-ed value in solving prol)- 
l(‘ms. The usual etiuatlon for tlu^ frequency of a rectangular plate with 
simply supported edges is given as 


TT 






cycl(‘s/sec 


[7-31] 


where a = w idth of plate in inches 
b = Uaigth of plate in inches 

E — modulus of ehusticity in j)ounds per square inch 
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t = plate thickness in inches 
w = weight density in pounds per cubic inch 
H = Poisson’s ratio — usually 0.3 
m and ri == integers describing mode of vibration 
ni = n = 1 for lowest frecpiency 

The next frequency will be found by taking iii or n ecpial to 2 while the 
other is taken as 1. The general shapes for the low(^^t four frecpiencies 
are shown in Fig. 7-10. These views furnish a visual picture of how 



n=2 w=2 71=2 


Fig. 7 10. 

plates tend to vibrate. They show why stiffeners dividing a vibrating 
panel symmetrically may not (4iang(i tiie natural freciuency of th(i panels. 

PROBLEMS 

7 • 1. Find the fundamental frequency for the system in Fig. P7 • 1 . The deflections 
of the weights are as listed. 



Weight = 120 660 200 60 lb. 

Deflection =0.043 0.078 0.067 .061 in. 

Fig. P7 1. 

7*2. A steel beam 12 ft long has two weights mountiHl upon it. Th(‘ beam is 
simply supported at the (Uids. Om* weight, is 3 ft from one end and wedghs 650 lb; tlu' 
other wc'ighing 1200 lb is 4 ft. 6 in. from the* other end. Th(‘ beam has a uniform sec- 
tional moment of inertia I = 64.5 in.*^ Hince the structure is subjt^et, to considerabl(‘ 
vibrations, detennine the natural frequency. The weight of the beam may be 
neglected. 
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7 * 3 . Find the fundamental frequency for the shaft loaded as indicated in Fig. 



Fiu. P7 -3. 


7 * 4 . Find the lowest natural frequency for the shaft load(‘d as shown in Fig. 
P7-4. 

T 


Fig. P7 -4. 

7 * 6 . Determine the fundamimtal frequency for the st('pped shaft shown in Fig. 



Fig. P7 r) 


7*6. A stixd cant ilever beam {E — 30,000,000) J in. tlec'j) and 1 in. wide supports a 
load of 9.8 lb at its frt'e end whic^h is 18 in. from the fixed end. What is th(‘ natural 
frequency, if the w(ught of th(‘ beam is neglected? Ste(‘l weighs 0.283 Ib/in.^ 

7 * 7 . If the cantilever weight is considered in problem 7-0, what is th(‘ natural fre- 
quency? What is th{* ptu’centagt^, error if the weight of the bar is neglected? Work 
using method of section 7-4. 

7 * 8 . Solve prol)lem 7-7 using the method of section 7*8. 

7 * 9 . What fraction of the concentrated weight, may a bar W(‘igh and still have an 
(‘rror of only 10 per cent for a uniform beam sinqjly support(‘d? 

7 * 10 . Solve probhun 7-3 for a cantilever. 

7 * 11 . Using the Rayleigh equation 7*8, deprive an expression for the natural fre- 
quency of a uniform beam simply supported at. the ends. 

7 * 12 . A beam with a sectional moment of inertia of 0.67 supports three wanghts, 
3, 4.7, and 6 lb, whose static defl(ictions are 0.21, 0.34, and 0.29 in., respectively. 
What is the low^^st natural frequency of this system? 

7 * 13 . Using the general method outlined in section 7*7 derive the general expn's- 
sion for natural fnapiency for a cant.ilev(T bc^am of uniform s(H*t.ion. 
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7*14. V(‘rify the values of C as given in Table 7-2 for a beam with fixed ends. 
7*16. An autogyro rotor blade is hinged at the inner end. Th(‘ blad(' is 20 ft 
long and W(‘ighs fiO lb. If th(* mean moment of inertia of the blad(‘ si'otion is 0.14;^, 
det-ermiia^ th(‘ natural frequmny neglecting thc^ centrifugal for<H\ 

7*16. A structural nuunber shown in Fig. P7-16 has plates fastimed to the upper 


46 lb. 28 lb. 

r""" — ^ 

<^/=0.6 

- Ifi" V 

L ..... . 1 ...... '' 

< — 

r'- 

- 62 



Fig. P7 16. 

and lower sides near the mid-portion of its length. Th(' monu'nts of inertia are as 
given, and two loads are applied as shown. What is tlu^ fundanumtal frec|uency? 

7*17. Find the lowest natural fn‘qut‘ncy for the steel shaft l(»aded as shown in 
Fig. P7 17. 


1400 lb. 2100 lb. 
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SOUND 


8*1. Introduction. Sound is a form of vibration which is audibk'. 
Music; is that portion of sound whi(;h is pleasing to the ear while nchse is 
the unpleasant portion. b]ngineers are interested professionally mostly 
in the latter because; of its influence on pec^ple as well as on a machine or 
structure. It is quite well established that nc^ise affects the performance 
and comfort of people in the factory, office, and home. Excessive noise 
in a machine may be an indication of poor balance, excessive clearance, 
turbulent flow or some other factor affecting the life of the equipment. 
Manufactur(;rs of most types of machines are now very noise-conscious 
because customers are demanding cpiieter performance. Equipment 
with a low noise level has a sales advantage. Therefore, it is necessary 
for engineers, designers, and sal(;smen to know more about noise and its 
reduction. This chapter is intended to give the more basic knov'ledge 
nec.essary to understand the problems encountered in noise levels and 
th(;ir reduction 


8*2. Sound Terminology. It is necessary to know the; definition of 
(;c*rtain terms commonly used in sound technology. Most common is the 
decibel.^’’ 

The decibel is of ii bel which is the fundamental division of a 
logarithmic; scale which expresses the ratio of two amounts of power. 
It is given by the expression 


where db = decabels 

P = powc'r 


db = 10 logic 


1 \ 


[8-1] 


If the power varies as the sound intensity, the expression is 


db = 10 log 


10 


h 

Jq 


[8-2] 


Souiid intensity is the sound eiu;rgy transmitte;d per unit time in a 
specified direction through a unit area normal to this direction at the 
selected point. Units are ergs per second })er scjuarc centimeter or 
watts per square centimeter. 
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Fig. 81 . 
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The intensify level in ch^cibels if j^iven by e{iuation 8-2 when the base 
inb^nsity /o = watt/em^. Figure 8-1 shows some of the mor(‘ 

common averages nois(‘ levels. 

Tlie ejfeetive sound pressure at a point is the root-mean-scpiare \^alue 
of the instantaneous sound pressure over a complete cycle. It is com- 
monly called sound pressure. 

I'he pressure level in decibels is given l\y the equation 

db = 20logH,^’' [8-3] 

wluu'e P^) — 0.0002 dynes/cm^. This definition assumes that the pow(u* 
vari(\s as the sejuan' of the sound pressure. 

Tlie velocity level in d(H.*ibels is given by the expression 

dh = 20 logio P'4] 

1 0 

wliere T"o = 5 X cm/sec. This also assumes that tlie power varies 

as the scpian' of the i)articl('. velocity. 

Acoustic absorptioti is the pro(*ess by wliich a portion of tlie sound 
whicli strikes a surface is absorbed and does not rc'Bect })ack into space. 
A sahin is a unit of e(}uivalent absorption and is ecpial to a scpiare foot 
of total absorption. This means that 2 sej ft of surface which absorb 
half of the incident sound energy have one sal)in absorption. 

Reverberation is the persisteiK^e of sound due to repeated reflections. 
The reverberation time for a given frequency is the time in sectonds re- 
(juinHl for the avcu’age sound energy draisity to dcHU’ease (after the 
source is stopped) to oiu^ millionth of its initial steady state value. This 
is eriuivalent to a drop of (iO db. 

Loudness is that subjective quality of sound which determines the 
magnitude of the human auditory sensation producc^d by that sound. 
The loudness level of any sound in phons is judged by listeners to be 
equivalent in loudness to a pure tone of 1000 cycles/sec and is numeri- 
(ially equal to the decibel reading of this tone. The weighting scales 
on the sound level meters are designed to give an approximate plion 
reading and as such do not follow any equation for decibels. Thus, in 
Fig. 8*2 the normal relation between decibels and phons shows that 
frequency affects the loudness level. The contour lines indicate what 
the ear hears as equal loudness. Figure 8 • 3 shows the relation between 
the loudness level and the loudness. From this it can be seen that a 
reduction of level from 72 phons to 40 phons gives a noise one-tenth 
as loud. 
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Attenuation is the reduction or difference in intensity expressed in 
decibels. As such the attenuation is given by the eciuation 


Attenuation = 10 


logio 


/i 

= dbi - dl)2 

^2 


[8.5] 


where Ii and 1 2 are the intensity values. 

The ambicM level is the level experienccHl uncku* averag(^ conditions in 
any space and is analogous to ambient temperatures. 

Illustrative Problems. 

1 . Two fans have noise levels of 58 and (>() dh, resj)e(‘tiv('ly. What is the noise 
level when they run simultaneously? 

Solution. A noise level of 58 db is e(iuivalent to an intensity of 

Ji = G.31(10'‘)?o 


and (>0 dl) is ecjuivalent to I2 ~ 1 .0( 10^)7o. The combined intensity is 7i + /2 = 
or 


db = 10 log I 


1.031(JO‘5)7o 


02. 1 


2. A room with an engine in it has a noise level of 90 dl). An adjoining room 
has a level of 03 db. What is the attenuation through the wall. 

Solution. The attenuation is the difference in levels, and so the answer is 
27 db. 


8 '3. Character of Sound. The compl(‘x nature of sound mak(‘s diffi- 
cult an acxnirat(‘ study of sound levcds and their (dfect on peopl(\'^‘* 
Sound being radiated from a surface is usually not susceptibk^ t,o math- 
ematical anal^^sis. By using .various simplifications, however, it is 
possible to explain many sound problems. It will be found that a sound 
that has a long wave length (low frequen(‘y) Avill i*a-diate uniformly in 
all directions if the dimensions of the sour(*n are small compared to the 
wave length. If the wav(^ length is small compared with the dimensions 
of the source, directive sound will result. This means f hat an ax^erage 
of several readings should be taken to estalffish the sound lev(d if the 
sound source has any appreciable size. Figure 8-4 shows the relation 
between freciuency and wave length for av(‘rage conditions where the 
velocity of sound is 1120 ft/sec. It will also l)e found that high fre- 
quency sounds may pass through scweral maximum and minimum in- 
tensities before the intensity decreases as the sejuare of the distance. 
Once it has reached these conditions, the sound intensity will d(‘cr('as(' 
6 db each time the distance from the source is doubled. 

The test space also affects the noise level measured. Particular (*are 
should be exercised in testing equipment to make sure that vil)rati()n is 
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not carried to room surfaces. This is necessary to avoid any chance of 
sound production in the walls, ceiling, and floor. Sound will radiate 
from the source outward to the walls, ceiling, or floor and be refiected.^^’"^^ 
Therefore, any measurement of sound in a room will give the sum of the 
dire(^t and the reflected sound. As mentioned before, the result of such 
a mixture is that sound intensity varies about the room in a complex 
manner. That is, the noise level will not vary as the sc|uare of the dis- 



Fig. 8-4. 


tance and may actually be louder at some points than at other points 
located closer to the source. For this reason it is nec^cssary to investi- 
gate the noise throughout the room. In all cases the microphone and 
the unit under test should be located in the same positions in the same 
room for all tests which are to be compared. Then^fore, the room, the 
location of the unit tested within the room, and the microphone location 
should be carefully noted in order that sound distributions will be 
similar. 

In general, direct sound will predominate near the unit and give an 
indication of the sounchproducing characteristics of the unit. Con- 
versely, near tlu^ wall the reflected noise reaches its maximum and gives 
a poor indication of the unit's noise. A wide open space in which the 
sound waves would never be reflected would give a reading of the direct 
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noise. Small rooms, therefore, Iiave the disadvantage of producing 
complex sound contours involving considerable roflecte^d sound, sucli as 
shown by two examples in Fig. 8-5. The results would then hav(^ to l)e 
very critically examined to assure reasonable ac(;ura(*y. 

The room surface and room contents may also have a disturbing 
influence on sound measurements. The su])ject of room absorption has 
caused (U)nsiderable discussion because it influences the noise level, 
Sound in essence is a form of energy which is dissipated by transmission 
to the outside or by absorption witliin the room. The sound intensity 
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within the room will build up to a point where the sound energy lost 
will just ecpial the sound energy produced. This is analogous to prob- 
lems in heat energy l)alance. For sound produced witliin the room, the 
transmission is negligibU;; therefore, in a room where there is no sound 
absorption or air damping, there would be an almost indefinite increase 
in sound lev(»l as long as sound energy produ(;tioii continues. The level 
within the room would also be uniform. If there were total absorption 
on the room surfaces, the sound would diminish as the square of the 
distance from the source. This is a condition readied only in wide open 
spaces vrhere no reflective surface exists. 

What is needed in a sound test room? If a highly reflective room is 
used, the measured hn el is too high, but the sound is very uniform so 
that location is not critical. Using a very dead room gives a truer read- 
ing of direct noise, but the noise varies considerably within the room and 
becomes directional. Room resonance conditions may also distort the 
relative importance of certain frequencies. Generally, the deadened 
room seems to be preferred. 

To allow for different room conditions, a reverberation theory has 
been worked out which considers the average density in a room with 
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diffused refle(^t(‘d sound as invcTsely proportional to the total absorption 
in the room. 1^'i'om this it may be said that the difference in sound 
levels in two rooms \'aries ns ihv logarithm of the ratio of the sabins of 
absorption in the rooms or 

d2 

dbi “ db2 = lOlogio — [^di] 

- 1 1 

where Ai = salnns of room 1 

= sum of (area X absorption (UH^fficicmt) 
ytg == sabins of room 2 

wIkto S area of surface in scpiare fe(‘t 

a = absorption coefficient from dable 81 

Coefficients of absorption must be selected on the basis of tlu^ predom- 
inant frequencies. 

A more accurate ecpiation for use on dead rooms is 

iog (1 — ^ 2 ) 

dbi — (11)2 = 10 login ■ 

^hlog(l-ai) 

The principal difficulty in using these ecpiations is in determining th(' 
absorption (coefficient. It is extremely difficult to measure the coefficient 
in an actual installation even where there is a reas()nable amount of 
absorption. In making calculations it is best to use absorption coc^ffi- 
cients from tallies for acousti(c properticcs of building materials found in 
architectural sound ncfcrencces or in doable 8 *3. 

8*4. Instruments. Instruments now commonly used for industrial 
noise measuremeTit follow the American Standards Association\s Tenta- 
tive Standards ThenTore, all makes of instruments read 

the same levels within certain allowable limits. These small variations 
are due principally to the inability to make microphones which respond 
evenly throughout the frequency range. F or this reason instrumcmts of 
the same mak(c may vary ns much as instruments of different makes. In 
the range of most noise measurements, the variation is seldom over 1 or 
2 db. 

The ear has one characteristic which no instniment is able to measure, 
and that is judgment of noise quality. Rattles, squeaks, and irregular 
noises may not add enough sound energy to the total energy to be notice- 
able on the sound level reading, but they may be unpleasant to the ear. 
Therefore, to be complete, it is necessary that (piality observations be 
made along with the actual sound level measurements. 

8 '6. Noise Measurement. When simple design changes in machinery 
are to be compared, one reading may be sufficient. When a more re- 
liable measure of noise is desired, a series of readings around the unit 
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may be needed to check directional effec^is. Finally, when more general 
ac.ceptance is establLshed, it may be desirable to iis(^ the ‘^sound power 
output’^ method so that all readings are reduced to a common datum 
point which is independent of distance and room conditions. This 
method is described later. 

In m(^asuring sound at one or more points it should be l)orn in mind 
that results have meaning only when compared with other readings 
made under identical surroundings and loc^ation. The flat scale on 
sound-measuring instruments gives a measunj of energy and (^an 
worked with quantitatively. The weighted scale gi\^cs a measure of the 
ear rc^sponse t-o the sound. The National Association of Fan Manufac- 
turers recommends a disianc,e of 1 fan diameter or not less than 5 ft at 
7 definite points around th(^ fan.'^^-^^ The acrtiial distance used in any 
general problem depends principally on the room size and wall condi- 
tion. Large distances may be used in large rooms or relatively dead 
rooms because the reflected vsound will be small. Short(‘r distances are 
generally used in small rooms where reflectcKl noise is to be minimized. 
The AiiKiricari Institute of Electrical Engineers rc‘commends distances 
of () in., 1 ft, and 3 ft from the nearest major surface. 

Close measurements have tlu^ advantage of minimizing reflected 
sound, but, on the other hand, they emphasize the noise from (‘loser por- 
tions of the unit being tested. Measurements at a distanc^e tend to give 
the noises of dilferent parts of a unit a tnu^ perspective even though they 
include consideral)le reflected sound and din^ctional effect. Objections 
to close measurements can be largely overcome by taking a series of 
measurements around the unit. These can then be averaged on a simple 
arithmetic basis witli sufficient accuracy if the readings are within a 
12-db range. More accuracy can be obtained by converting decibel 
readings to power, averaging, and converting back to decibels. It is 
necessary that background noise be considerably less than the noise 
being measured. Table 8T shows what correction to apply when the 
background or ambient lev(i is less than 10 db. 

To summarize, any distance may be us(id for sound measurements if 
the readings taken are at leavst 10 db higher than the noise levels around 
the boundary walls. Also, the microphone should not be located near 
any wall or reflecting surface. Several readings around the unit give a 
more representative indication of the noise level than a single n'ading. 
The room noise level, without the unit operating, should be 10 db or 
more lower than the unit noise kivels to eliminate errors in readings. If 
the difference in levels is less than 10 db, corrections should be made 
according to Table 8 1. Correction for room conditions can be made in 
an approximate manner by considering room absorption, as mentioned 
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TABLE 8*1 


Db Diffenmce betweon 
Total Noise and 
Background Noise 

Db Error 

1 

6.9 

2 

4.3 

3 

3.0 

4 

2.2 

5 

1.7 

6 

1.3 

7 

1.0 

8 

0.8 

9 

0.6 

10 

0.5 


previously, using ecpiations 8-f> or 8*7. The absorption eoefFicients of 
the different areas in the room can be estimated from tables on acoustie 
properties and the total absorption determined. Further detailed infor- 
mation is given in the following discussion on a detailed sound level 
determination. 

In the final analysis the quality of the nois(i must also l)c judged. 
Many times the sound level of one unit may be lower than some other 
unit, but the latter may actually sound better and cause less discomfort. 
Therefore, sound measurement not only is a matter of establishing or 
meeting some arbitrary number but also recpiires considerable jiidgmcnt 
bas(^d on listening with the ear. Careful study of harmonics often ex- 
plains what the ear considers objectionable. 

8*6. Sound Power Output. A method of noise measurement which 
has gained favor recently is the sound power rnethod.^^ As yet it has 
not been widely used. The chief object is to determine the sound power 
output from a unit. This means that an imaginary surface around the 
unit is divided into increment areas. By determining the level for each 
area, it is possible to evaluate the total sound power output from the 
unit within close limits. Since the sound would radiate outward, the 
area needed should be perpendicular to the sound travel. For any 
source of noise this would necessitate using a spherical area. With a 
unit on a hard floor, the noise would be reflected so that a hemisphere 
could be used. From a practical standpoint other surfaces could be 
used with little error. This method has the advantage that it is inde- 
pendent of microphone distance, and of test room surface condition and 
can be used for design purposes because the average noise level in any 
room may be predicated. 

A detailed explanation of the sound power output method follows: 
The unit is located in a typical position with hard surfaces on the floor 
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or on the wall if it is normally near a wall. This assumes that sound 
energy radiatcnl in this direction w ill be reflected. An imaginary surface 
is created around and I’casonably close to tlu? unit so that the unit is 
enclosed betwc^en the hard surfac.es and the imaginary surfaces. The 
imaginary surface is divided into a number of small areas, the. accuracy 
increasing with the nuinb(‘r of areas. 

The sound level on the fiat scale is determiiKM.1 for each an^a. These 
readings are convert.cHl to power by (‘alc.ulatlon or use of suitable tables. 
As an examples, 57 db corresponds to a power ratio of 5.012(10'’). The 
power in Avatts per square centimeter is then 5.012(10''’) (10“^^’)* dlie 
l)Ow^er flowing tlirough the incTenuiiit area etpials the powder in w^atts per 
s(|uare centimeter times the area in s(|uare feet times 929 cm^/ft^. The 
total of the pow^(a' through increment areas is the total sound out])ut in 
watts. 

If we consider tlu' sound encTgy absorbed ecpial to the sound energy 
output, w^e can evaluate the average sound intensity in the room from 
the equation 

E Pow'er output 

/ == ^ ^ — [8-7a] 

929wASa Absorption 

or the sound level w^ill be given by 

/ 

db = 10 login y [8*76] 

where db = dcH'ibel Heading on the flat scale 
E — sound power output in w^atts 
— absorption in the room in sabins 
1q = 1()~^^’ w^atts/cm“ 

The absorption must bi^ estimated from tables on properties of acousti- 
cal materials. Then, if the i)roducts of absorption areas and their co- 
efficients are sumrncxl up, the average intensity may Ije determined by 
equations 8 •7a and 8*75. 

Several sources of (‘rror may contribute to inaccurate results. First 
is a neglect of ambient or background level. The reflected noise enters 
into the same consideration. If the noise level at the walls and ceiling 
are at least 10 db less than at the point of measurement, the original 
levels need not be corrected to give true output reading. Large e(iuip- 
ment in a small room will cause the most trouble. For the average- 
shaped room, use of an average of wall reading.s is close enough in mak- 
ing a correction. 

A major source of error is in estimating the absorption coefficient. It 
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is necessary to make a frequency analysis to determine the predominant 
fnHiiiencies. The absorption coefficient must be selected for the a\^erage 
predominant fr{‘(|uency. For rooms with <*onsiderable absorption, fairly 
accurate results may ))e obtjiined but., wh(Te low absorption exists, the 
errors become larger. An error of 25% in the absorption (ioefficicnt will 
give an error of one de(nb(»l. 

Illustrative Problem. A siuall motor and fan were tested in a sound test room 
and in a, low ahs()r])tion room to determine the expected sound levels. "J'he unit 
was placed so that it was reasonably free of interfering surfaces. Then an 
imaginary spherical surface was taken on a one-foot radius. One reading was 
taken on top, bottom, in front, in back, and on the two sides for a total of six 
readings which were 73, 75, 73.5, 7S, 70, and 70. Each was considered to be 
rei)resentative of one-sixth the area of the sphere. From this the power output 
was determined to he 2(S.6 microwatts. No correction was considered worth 
while for wall-reflected noises, as the average reading IS in. from the wall was 
04.5 dl) compared with the average unit reading of 73.1 db. The ambient room 
level was about 50 db, and so no correction was needed. 

Since the major disturbing frecpiemaes are 30 to 200 (ycles/se(‘, the absorption 
for the room was based on 128 (y(*les/sec. Rock wool of the type used has an 
absorption cocflicient of 0.22. When O.l was used for the floor coefficient of 
absorption, the total absorption is 211 sabins. 

The sound level as calculated was 

2S fit 1 

= [ 8 . 8 ] 

Measurements were made in the center of approximately 3-ft squares through- 
out the room. Since readings in tlie immediate vicinity of the fan are not indica- 
tive of general room level, they were eliminated. The average of the remaining 
readings was ()3.S db, giving a difference of about —2.2 db. This probably 
could have been improved if readings had been more carefully taken or the 
absorption better known. 

3^0 put the method to a further test, the unit was moved to a room with very 
little absorption. First, the absorption (coefficient was estimated to be O.l for 
all surfaces. The absorption was calculated to be 70.7 sabins, and the cahculated 
sound level was 00.0 db. When the axctual sound readings w'ere taken and aver- 
aged, the result w^as 07.0 db or a difference of —1 db. Considering how hard it 
is to obtain an accurate absorption coefficient, this is surprisingly (close agreement. 

As a matter of comparison the expected sound level was (calculated by use of 
equation 8*0. 

(lb, - db 2 = lOlogio^ = 10 login = 4.4 [8-9] 

A.2 

With the sound level in the sound test room 03.8 db, the sound level in the 
second test room should be 63.8 + 4.4 — 68.2. The error here is about T 1.2 db. 

8-7. Frequency Analysis. To determine the causes of noise it is useful 
to know the predominant frequencies as well as their relative amplitude. 
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A frequency analyzer or band filter is used for this purpose. These in- 
struments depend upon tuning, so that the amplitude of njsporise for 
thc^ different harmonicas will he indicaf-ed. dlu^sc harmonicas are usually 
some multiple of thc^ elcM^tric power frcHiucmcy, the spewed of the rotating 
parts, or the speed of some other moving part,, ])anel, and so on. In some 
instances no distinct peaks are noted because the sound is so complex. 
This is usually the type o^ sound produced l)y shock effect and fluid 
fiow. These are by far the hardest to trac*.e and remedy. 
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It is often best to record all frc^ciucuick^s and Icwels because it can then 
be seen whether peaks are sharp and clearly defined or if they are broad 
and show indicatiems of many freciuencies close togethc^r. When plotted 
either log-log or semi-log paper may be used. When a sufficient number 
of freciuencies are plotted, the points may be connected to show the 
character of the freciuencies, l>ut if peaks only are plot ted a line is drawn 
between the point and the X axis. The latter method is basictally more 
correct and is illustrated in Fig. 8 • 6. 

Either the weighted or flat netwe^rks may be used on the sound meter. 
The choice depends upon whether the effect of the different freciuencic's 
upon the ear is desired or the amount contributed by each frequency to 
the total sound energy. 

8*8. Noise Sources. Noise originates in various manners. Unbal- 
anced and shaking forces set up sympathetic vibratiems in different 
members. Excessive clearances and impact may pi'oduce local vibra- 
tions of audible frequencies. Turbulent or pulsating fluid flow often is 
the most serious source of noise. Electric forces and vibrations can be 
very troublesome. 
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Each industry and type of product has its part icular problems. A few 
examples will be considered together with an indication of some of the 
conflicting solutions to problems on the same ecpiipnumi. In engiruNS 
and compressors considerable noise is produced at the intake and (ex- 
haust or discharge. Gas passages are designed to eliminate sharp cor- 
ners and edges and to provide constant velocities so that excessive 
turbulence is avoided. Mufflers reduce the nois(* to a mon^ acc(^ptabl(i 
level. It is necessary to design mufflers to eliminate the most disturb- 
ing portion of the noise and still not offer much pn^ssure drop through 
them. Airplanes have never adopted mufflers because of added weight 
and loss of performance. Ventilating fans and propellers pi*oduc(^ most 
of their noise by turbulent flow and depend upon tip or peripheral 
speed. Fans must move a certain volume of air against a certain re- 
sistance. Large diarnc^ters running at slow speeds ai'e tlie most ejuiet, 
but space and cost often oppose their us(\ 

Clearances in bearings and between moving parts are often the source 
of noise. Reducing clearances reduces the noise but may give lubrica- 
tion troubles. Panels act as sounding boards. One solution is to elim- 
inates the panel or lighten it whereas the other is to stiffen it by increas- 
ing its weight or by adding stiffening bars and anglers. Electric; eejuip- 
ment is subjeest to magnetic force's, partie;ularly GO cycle and its har- 
monics. Mechanical equipment must be designeel to avoid these dis- 
turbing frequencie^s. 

8-9. Soundproofing. Since the; ne)ise at the sejurce often cannot be 
economically reduced below the obje;ctionable range, soundproofing is 
necessary to reduce the noise level to a comfortable value;. Levels of 
less than 85 db are needeel in order to carry on conversation. Sound- 
proofing is accomplished by two methods: absorption of the sounds and 
reduction of the transmission of sounds through walls. The; amount of 
sound energy transmitted through a wall depends upon the area of the 
wall and the characteristics of the wall, which are measured by the 
transmissivity coefficient r. Expressed analytically this is 

Et = EotS [ 8 - 10 ] 

where Et — energy transmitted through wall 
Eo = energy on outside of wall 
S = wall area in square feet 
T = transmissivity 

The amount of sound energy absorbed on the inside when a sound strikes 
a wall also depends upon the area and a material factor known as the 
absorption coefficient. It is expressed as 

Ea = EiOtS 


[ 8 . 11 ] 
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where Ea = energy absorbed by wall 
Ei = energy striking wall 
>S' = area 

a = absorption coefficient 



Absorption Coefficient oc 

Courtesy N.A,C,A., Tech, ^^ote 748 

Fig. 8 - 7 . 


Since energy must be conserved, the sound energy transmitted through 
the w all will be equal to that transmitted back through the 'svall and that 
absorbed. This may be exprcvssed analytically as 

EoSt = EiSr + EiSa [8-12] 

This equation gives a means of finding the sound-reduction factor, or 
decibels lost in the wall, which is equal to 

Eq t (X 

db = lOlogio — = 10 log [8*13] 

Ei r 

Equation 8-13 considers the walls, ceiling, and floor as having the same 
coefficients, and the furnishings, accessories, and people inside as having 
no sound-absorbing propeilies. By considering the effect of each dif- 
ferent area or body having soundproofing properties, the accuracy of the 
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calculatioiiH may be improvecb We can evaluate the absorption and 
transmittance by the equations 

Absorption = Sa ~ S^ai + /S 2«2 + • • • 

Transmittance — S'r = + S' 2 T 2 + • • • [8*14] 

The sound-reduction factor then becomes 

Sa + S'r Sa 

db = 10 logio = 10 lo^>;,o — [8 • 15] 

St St 

since S't is ordinarily vc^y small compared to Sa. The effectiveness of 
different materials and combinations of soundproofing can be quickly 
judged by referring to Fig. 8-7. 

8*10. Sound Transmission. Sound may l>e transmitted through walls 
in three ways: (1) It may go directly through holes or cracks; (2) it may 
vibrate the wall and set up a sound on the other side; (3) it may periodi- 
cally compress the mat('rial of a rigid wall and be carried through the 
wall. It is very important that all holes or cracks be closed, for a crack 
only a few hundredths of an inch wide permits considerable noise to 
reach the inside as the value of r = 1. Considerable work has been done 
on walls of different types to find their sound-insulating values. Table 
8 • 2 lists a few of the more commonly used values. 

TABLE 8-2 
Tkansmission Loss 

Transmission Loss, db 


Frame wall 2 X 4-in. studs 16-in. O.C, 2 ~in. Ctdolex 

lath, ^-in, plaster both sides 37 

Same with staggered studs on 2 X 6-in. plate 42 

Same with 2 X 2-in, studs on 2 X 6-in. plate 2 -in. 

Celotex board between 52 

Frame wall 2 X 4-in. studs 16-in. 0.(1 wood or metal 

lath ^-in. plaster both sides 33 

4-in. hollow clay tile, 2 -in. plaster both sides 40 

6-in. concrete wall 42 

8-in. brick, 2 -in. plaster both sides 54 

20-gage st€M'l sheet 25 

|-in. steel door 35 

1 f-in. solid oak door 25 

1 f-in. fabricated door, usual hang 24 

3-in. soundproof door 43 

f-in. glass plah; 32 

f-in. glass plate double, 7-in. space 45 

Wrapping paper 1 .9 

f-in. plywood 19 

f-in. plywood 21 

Double strength glass 28 
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When walls are thin and light, it is easy for the sound source to vibrate 
the wall. This vibration can be prevented by putting stiffening ribs on 
the panels. If these additional ribs are symmetrically located they will 
be inelte(;tivc, as the mode of vibration is usually symmetrical- Piece^s 
of insulating material (;emented to the inner side of tlu^ panels also re- 
duce the sound transmission very (iffcn^tively. Tests on sample panels by 
the National I^ureau of Standards show that the mass of the insulation 
is the most important factor in determining the transmission through a 
panel. When double walls or panels are used, the transmission is lower 
particularly when the two are isolated from each otlu'r. In tables, the 
transmissivity is often given. This may be converted to decibel loss by 
the equation 

1 

Transmission loss in decibels — 10 login - [8*16] 

T 

8*11. Sound Absorption. Sound in an inclosure must be dissipated by 
absorption. Absorption is promoted in two ways, by porosity and by 
diaphragm action. If the material is porous the sound energy is ab- 
sorbed by friction as it strikes the surfac^e and penetrates. The remain- 
der is reflected. Thick layers naturally absorb more as the sound waves 
have farther to travel before they are reflected off the back surface. 
The absorption is approximately proportional to the thickness at low 
frequencies. In diaphragm action, eruTgy is used up in making the 
diaphragm vibrate. Therefon^, it makes a great deal of diflerence how 
the material is fastened to the wall. C'ementing it to a panel prevents 
diaphragm action and so reduces the absorption at low freciuencics but 
makes little difference at high frecjuencies. The tension in the material 
also affects the absorption. It has been shown that the single diaphragm 
behaves as a single mass system wherein the diaphragm is the mass and 
the air space acts as the spring when it is set away from the wall. There- 
fore, the absorption increases up to tlui resoniince fn^quency and then 
drops. When several layers are used th(*y act as a filter in electric cir- 
cuits and pass the higher frequencies more readily than the lower ones. 
Table 8*3 gives the absorption coefficients for some of the more common 
materials. The materials generally used in building soundproofing are 
most effective at higher frequencies. They an^ usually hard materials 
which tend to reflect low frequency sounds. Airplane soundproofing 
requires softer materials to eliminate the low frequencies that are the 
major source of noise. The problem in planes is also complicated by the 
fact that the available area for absorption in cabins is insufficient. 

Architectural sound-absorbing materials are used to improve the 
hearing conditions and to reduce the noise level. They are often per- 
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TABLE 8-3 
Hound Absorption 

Absorption Coefficient, cyides piT second 


Material 

128 

256 

512 

1024 

2048 

Ib/fU 

Brick wall, unpainted 

0.024 


0.03 


0.049 


Painted 

0.012 


0.017 


0.023 


PlastiT on lath, smooth 

0.02 


0.03 


0.04 


On tile or brick 

0.013 


0.025 


0.04 


Acoustic plast.(‘r 

0.25 


0.40 


0.50 


Wood paneling 

0.08 


0.06 


0.06 


Glass 

0.035 


0.027 


0.02 


Marble and glazed tiki 

0.01 


0.01 


0.015 


Floors, concrete or terrazzo 

0.01 


0.015 


0.02 


Wood 

0.05 


0.03 


0.03 


Linoleum, etc., on concrete 

0.03 


0.03 


0.04 


Carpet, no base 

0.09 


0.20 


0.27 


F(ilt base 

0.11 


0.37 


0.27 


Fabrics hung 







Light 10 oz 1 yd“ 

0.04 


0.11 


0.30 


Medium 14 oz 1 yd“ 

0.06 


0.13 


0.40 


Heavy 18 oz 1 yd“ 

0.10 


0.50 


0.82 


Acoustic tile, average 

0.30 


0.45 


0.60 


Rock Wool Blanket, 1" 

0.29 

0.72 

0.83 

0.78 

0.72 

1.2 

2" 

0.66 

0.74 

0.84 

0.88 

0.83 

2.4 

Air acoustic, 

0.24 

0.46 

0.50 

0.57 

0.63 

0.75 

1" 

0.46 

0.60 

0.63 

0.66 

0.73 

1.5 

Hair felt, 1" 

0.06 

0.27 

0.57 

0.77 

0.81 

0.7 

Acousti-Celotex (C-1) 1" 

0.07 

0.14 

0.57 

0.59 

0.64 

0.76 

(C-4) l\" 

0.28 

0.56 

0.98 

0.78 

0.59 

1.48 

Absorbex (A), 1" 

0.41 

0.71 

0.96 

0.88 

0.85 

2.21 

Q-T Ductliner, J " 

0.14 

0.38 

0.43 

0.76 

0.75 

0.57 

Dry Zero in muslin, 2" 

0.28 

0.48 

0.68 

0.82 

0.98 

0.50 

Glass Wool, 1" 

0.20 

0.66 

0.92 

0.93 

0.83 

0.34 

CJ Seapak, \ " 

0.19 

0.23 

0.99 

0.62 

0.61 

0.22 

People, in hard seats 

1 , 0 sabin 


3 . 0 sabins 

3.5 sabins 

In upliolstered scats 

2.0 sabins 

4.3 sabins 

6.0 sabins 

Chairs, hard 

0.15 sabin 

0.17 sabin 

0 , 20 sabin 

Upholstered 



3 . 0 sabins 




forated to increase the surface exposed to the incident sound. Covering 
a sound absorbing material with a perforated metal sheet has little 
effect on the sound-absorption properties since sound is able to pass 
around the obstacles as long as the obstacles are small compared with 
the sound wave length. When sound-absorbing material is painted, the 
pores are closed and the absorption properties are lost except when the 
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perforated holes are used. Then there is little effect lost as the sound is 
able to reach the material and be absorbed. 

Sound-absorbing; material has many forms. Acoustic plaster is made 
by forming minute gas bubbles to give porosity. Some add mineral 
fiber for greater absorption. Blanket types of sound absorption are 
usually cemented or hung loosely on a surface. Most installations of 
this type must be i)r()tected by a loosely woven material or perforated 
metal sheet. Sound-absorption boards are available in various sizes. 
They are composed of different fibers held together l)y some binding 
agent. Tiles are available for more decorative treatments. These are 
often })rodii(*(Ml with perforation holes to improve the absorption. 

In s('lecting sound-absorption materials several factors must l)e 
considered among whic.h anr. 

1. Soundproofing ({ualities. 

2. IT(^at-insuhition value. 

3. Light-reflection value. 

4. Appearance. 

5. Weight. 

(). Adaptability. 

7. Flame resistance. 

8. Vermin resistance, 

9. Non hygroscopi(nty. 

10. Cxjst. 

8*12. Design of Soundproofing. Wlien sound is to be kc'pt out it is 
nec^essary to design a vull or panel such that the attenuation reduces the 
noise level to an acceptable value. It is very necessary to eliminate 
holes and cra(;ks through which the sound might pass. The final value 
also depends upon the absorption pn^sent and can be calculated from 
e(|uation 8-15. When holes for ventilation or duct work are necessary, 
the ducts must be lined with sound-absorbing material to reduce the 
level. 

The sound insulation needed depends upon the amount of noise in the 
room under consideration. If a sound level of 70 db is prescait on one 
side of the wall and there is a 40-db loss in the wall, the sound level get- 
ting through will be 30 db. If the room is otherwise quiet, the 30-db 
sound will be heard. If the noise level would be 30 db anyway, the 
sounds could still be heard, but, if the normal k'vel in this room is 40 db 
or abov(*, the noise from the other room could not be heard. This is 
known as masking. To nuisk conx ersation it is usually necessary to 
have a transmission loss of ovor 30 db. Over 45 db is needed for very 
loud sounds such as from singing and musical instruments. 
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When tho walls have doors, windows, or ojx^nings in them the trans- 
mission loss can be found from the equation 

db = 10 logic [8-17] 

wOT 

where S — area in square feet 

T == transmission coefficient 


Illustrative Problem. A wall 10 X 20 ft has a door located in it. The wall 
has a transmission loss of 85 dh while the door has a transmission loss of 25 db. 
The door is 3 X 7 ft. What is the expected transmission loss? 

Solution. The transmissivities are 

35 =10 login- 7-1 = 0.000310 

Tl 

25 =10 login -- 72 = 0.00310 

Ti 

The loss is therefore 

200 

db = l0logi„2^^-, ---3~,j,^-:^ = 32.1 db 


Th(i d(\sign of the absorption depends on its application and purpose. 
If a room has insuffiedent absorption the sound persists and conversa- 
tion and music b(H*,ome confusing. The reverberation time is a measure 
of the acoustics in a room. If the reverberat ion time is too long, echoes 
will be present, but , if it is too vshort, the sound may not be sufficiently 
loud in all portions of the roenn. The reverberation time can be cal- 
culated from the equation 


T = 


0.05 1 


[8-18] 


where T — reverberation time in seconds 
V — room volume in cubic feet 
Sa — absorption in satiins 

The optimum reverberation time depends on the size of the room and 
can be obtained from Fig. 8*8. The lower limit is most suitable for 
speech, the upper limit is most, suitable for music, and the middle is 
best for general purpose use. If a room has insufficient absorption tiu' 
deficit must be made up with sound-absorbing material. 

Illustrative Problem. A room whose volume is 15,400 (iu ft has a sound absorp- 
tion of 400 sabins. What is the reverberation time and what is the ap])roximate 
sound absori)tion needed in a room this size? 
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Solution. The reverberation time is 


0.0505,400) 

400* 


1 sec 


The optimum time is jipproximately 1.02 see. I'liis requires an absorption 
equal to 


S 


a 


a05(15,400) 
* 1 . 02 ~~ 


755 sabiris 



When quieting is needed (considerably more absorption is used. The 
sound level is depend(uit on the absorption and can be ealeulat.(Ki accord- 
ing to equaticm S-O. It should be pointed out that the (coefficient now 
generally us(^d in (‘alculating the absorption is the av(‘rage of the coeffi- 
cients at the frequ(mci(NS of 256, 512, 1024, and 2048 cycles/sec. 

niustratiye Problem. A room with a noise level of 70 db has 150 sabins absorp- 
tion. Sound absorption with an average factor of about 0.72 over the range 
of predominant frequencies is now applied on the ceiling which is 20 X 50 ft. 
What is the expected sound level reduction? What is the reduction of the 
loudness? 
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Solution, The oripnal j)las(er had a factor of about 0.03, and so tlie gain will 
he equal to 0.09. The absorption added will be 20(5())().09 = (>90 sabiu.s. The*, 
total absorption will be 090 -b 150 = 840 sabiiis. 41ic sound reduction will l)e 

dbi -db2 = lOlogio l^i; = 7.5 

A change in level from 70 db to 02.5 db reduces the loudness from 8000 
to 5000 or 37.5% reduction. 

Usually a rediud-ion of 5 or 10 db is considered satisfactory to most 
officers. Noisy macdiines are usually grouped together and the walls and 
ceiling are covered Avith sound-absorbing material. Partial walls of 
sound-absorbing mat(Tial are often added to shield other portions of 
the room from the direct sound. Similar methods are used in ventilat- 
ing ducts. Absori)tion material is added to duct walls, plenum cham- 
bers are added, baffles are used to eliminate direct sound, and j)late 
absorbers arc placed in the air path to absorb sound. 


PROBLEMS 

8 * 1 . An air-conditioning unit oj)(U’at(‘s with a noisc' l(‘V(‘l of 95 db. Wh('n it is 
us(xl in a room with an ambient lev(‘l of 50 db, what is tlu' n'sidtant noise 1(‘V<‘1? 
If the room level is GO db? 05 db? 70 db? 

8 * 2 . One lathe operal(‘s at a hwel of 08 db, and anolluu’ oik' f)p(u*at(\s at 73 db. 
What is the noise lev('I wlam both an' operating? 

8 * 3 . Five cahmlating macliines (‘ach have a noise h'vel of 70 db. What, is the 
noise levtd wdieii 2, 3, 4, and 5 machiiu^s operate simultaneously? 

8 * 4 . A compressor is tested by the sound output powt'r mt'thod. It is set on a 
hard floor S(j that sound is refl(‘eU‘d. At a radius of 0 ft five readings an' takem near 
the center of five equal areas on a spluu’ieal surface'. Idie'se' n'adings an' 78, 80, 79, 
82, and 83. What, is the sound output power in watts? What is the? expected levt'l 
when the compn'ssor is installed in a room with 80 sabins absorption? With GOO 
sabins absorption? 

8*6. A room air conditioner has a noi.se level of 05 db in a room with 150 sabins 
absorption. What is the expected level wh('n th<^ c(‘iling is treated with sound- 
absorbing material which brings the abs()ri)t ion to 930 .sabins? 

8*6. An office has a level of 70 db wdiich is considc^n'd too noisy, and so sound- 
absorbing material is added to the ceiling. Originally th(; room has an absorption 
of 98 sabins but after the absorption is treaUxl it is 1020 sabins. What is the resultant 
noise level expected? 

8 * 7 . A general office has a noise level 08 db without any .sound-absorbing material. 
The ceiling which is 20 X 30 ft was originally bare plaster on lath. It is treated with 
Absorbex (A), If the initial absorption was 145 sabins, what wdll be the final value 
of room noise level? 

8*8. An auditorium with a volume of 100,000 ft'* is to be designed for optimum 
soundproofing. Wliat is the optimum amount of sound ab8ori:)tion needed? 

8 * 9 . A lecture room 20 X 50 X 10 ft now has an absorption valuer of 150 sabins 
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when empty. It is hopcjcl to have optimum sound conditions when the room iKS has 
full, t.hat is when the audience numb(;rs 80. If eacdi person adds 3.0 sabins what if 
the amount of absorption needed? What is the reverberation time when the room 
is full? 

8 * 10 . A 0-in. (^oncrt'.U^ wall 10 X 20 ft, with a transmission loss of 42 db has a 
0 X O-in. hol(i for a small pipe to pass tiirough. What Is the tiansmission loss aft.(‘r 
tlu^ hole is mad(^? 

8 * 11 . An 8 X 20-ft wall with a transmission loss of 37 db has a 30 X VO-in. door 
mounted in it. The door is a l |dn. fabricated door. What is the ex{)ected trans- 
mis.sion loss? 

8 * 12 . An airplane* is soundproofed according to the following schedule. What 
sound reduction can be (^xpectiHl? 


Item 

Area, sq ft 

a 

Ce'iling 

400 

0.85 

Front wall 

53 

0.88 

R(‘ar wall 

02 

0.88 

Side* walls 

470 

0.83 

Floen 

200 

0.3G 


20 }>ass(‘ng(‘rs at 3 sabins 
20 chains at 2.8 sabins 
Trim and (Hiuipinent at 
30 sabins 


T 


Cabin cealing and walls 

985 

0.00062 

Floor 

200 

0.0012 

10 winele)ws, each 2.5 sej ft 

25 

0.0074 

De)e)r 

18 

0.0004 


8 * 13 . An office has a noise level of 70 db wh(*n tin* walls and ceiling are ban* and 
hav(^ a total absorpt ion of 89 sabins. How much ab.sorj)ti()n must bt* addend to ri'duct; 
the level to 00 db? 

8 * 14 . A laboratory wit b a in>is(‘ l(‘vel of 85 db now has 120 sabins absorption. How 
many square* feet of Acousti-Celotex (C-4) l^-in. must be added to reduce the noise 
level to 70 db? 
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THE MOBILITY METHOD 

9-1. Introduction. Previous methods of solving sysh^ms having sev- 
eral rnass(‘s both v ith and without damping have depended upon the 
use of differential e(]uations. The solutions of the resulting differential 
ccpiations for several masses are involved and become very difficult 
when damping is considered. One method which has been proposed for 
solving these vibration problems is the mobility method developed by 
Finistone.^®’-’^^’^^'*'’- This method (diminates the use of differential equa- 
tions. Relative and absolute displacements, velocities, acciedcrations, 
and forces may be found for any point in the system by using algebraic 
methods. Damping in differential e(iuations makes the problems un- 
wieldy, but the mol)ility method handles damping very easily. 

The mo})ility method us(^s complex notation to represent dis})lace- 
ments, velocities, accelerations, and forces. In this mc'thod displa(!e- 
ments, velocities, and accelerations arc considered individually for each 
member in the vibrating system. In this way the effects of all the mem- 
b(^rs may be combined to find the motion of the system as a whole. 
A term, the mobility or ease of motion, is used to describe the behavior 
of each member. A s(;hematic diagram called the mobility diagram is 
drawn to represent the vibrating sysUan just as the electric circuit 
diagram represents an electric system. 

9 •2. Complex Notation. In the first chapter it was shown that a 
vibration could be represented by a rotating vector. This vector was 
described by sine and cosine terms. The mobility 
method uses complex numbers to represent vectors 
instead of trigonometric quantities. The resulting 
operations with the complex members are mainly 
algebraic. C^omplex numbers can be used to indi- 
cate the magnitude and position of a vector. The 
length of a vector can be expressed in complex 
notation by taking the projections on two perpen- 
dicular coordinates. Thus the v(H*.tor in Fig. 91 is represented by the 
notation A + Bi, where A represents the projection on the abscissa 
and B the projecjtion on the ordinate. Later it will be shown that B is 

174 




COMPLEX NOTATION 


175 


multiplied by i{\/ -~\) because it is 90® ahead of A, which is the real 
part of tlie number. In Fig. 9-1 we see that the vector may be repre- 
sented in tca'nis of th(‘ sine and cosin(‘ so that 


A + Bi = \/yl^ + (cos 6 -f i sin 6) 


[9-1] 


l^]ither of tliese forms is cumbersome, particularly when they are 
differentiated. Fhey are more convcaiiently expressed in polar form. It 
is shown in most advan(*nd mathematics l.)Ooks that the trigonometTi(‘. 
part of eciuation 9- 1 can be expressed as 


c.os 6 -f i sin 0 

Equation 9-1, therefore, can be written as 

A + Bi = = 


Xi)C 


where 


Jo == + B^ — length of the ve(*tor 

B 


6 = tan' 


A 


[9-2] 

[9*3] 

[9-4] 

[9.5] 


where the signs of A and B must be retained for the proper location of 
the vec.tor. Either form can be used to represent and locate a vector. 
The form to use depends on the type of calculation to be made. Chang- 
ing from one to another is necessary at times. 

The complex numl)ers in the polar form are very convenient for repre- 
senting a rotating vector. This is particularly true when velocities and 
accelerations are to be obtained from displaceiiKuits. This advantage 
can be recognized by considering the following general example wherein 
a displacement is re})resented as 

iO 


J\)C 


[9-Gj 


because the angular position is dependent on the angular velocity co, and 
the time t Ave can write 

.r = JoC'"’' 

Either the real or the imaginar}^ component could be used to represent 
the displacement at any point during a cycle. 

The velocity, the first derivative of the displacement, is given as 


dx 

y = = 

dt 


tt\)e 


[9-7] 


where 

When a term is multiplied by i it indicates that the vector has been 
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rotated ahead 90°. This is proved by substituting 6 = 90° in equation 
9*2, wliich then becomes 

= c()s 90° + i sin 90° - i 


When a complex number is multiplied by i, the result is 
From this we see that the velocity is given by the ecjuation 


[9*8] 


[0-9] 


The velocity vector, therefore, leads the displacement V(‘ctor by 90°. 
The acceleration is the second derivative of the displacement so that 


(fx 

a = ----- = 

dt 


ttoC 


,t(w<4-180°) 


[!)-]0] 


where Qq = x^cjo^^ = amplitude of the accxderation. 

The acceleration is 180° ahead of the disi)lacemeni vector located by 
ojt. These (iuantiti(is and tludr (H)mplex form are listed in l"al )le 9*1. 


TABLE 9*1 
Linear Systems 



Instantaneous Value 

Amplitude 

Displacement 

X = 

xo 

Velocity 

dx . , 

V = -- = voe"^^ 

dt 

d^x 

Vo — IojXQ 

Acceleration 

df- 

ao ~ lojvo — —'oj^xo 

Force 

li 

Fo 


Torsional Systems 


Angular displacement 
Angular velocity 

Angular acceleration 
Moment 


e = 

de 

Q = -7 = 

dt 


ihe‘^ 


M do, ^ . 

A = -— = 
dt 

T = Toe^^ 


60 

S2o ~ ioido 

Ao — = —co^^o 

To 
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In the application of complex notation to vibration problems addition, 
subtraction, multiplication, and division are used, making it nec(issary 
to resort to use of the rectangular form of these equations. For addition 
real terms are added to real terms* and imaginary terms are added to 
imaginary terms. An example is 

(A + Bi) + (C + IH) - (A + C) + {B + D)i [9-11] 

8ubtra(dl()n is done in the same manner. Multiplication is carried on 
by the usual algebraic methods. For instance 

(A + Bi)(C + Di) == AC + ADi + CBt + DBr 

- {AC - BD) + {AD + CB)i [9 - 12] 

In division it is iie(H‘ssary to multiply both numerator and dcaiorninator 
by the conjugate complex of the denominator; that is, 

A + Bi (A + Bi) (C - Di) (AC + BD) + i{BC - AD) 
a + Di ~ (c' + Di) ((.;~^i) ~ " & ^+T)^ 


Both mill tii)licat ion and division may be carried on using the polar 
form so that 


and 


... 

.1 .i 2^ 


== XiX^C 




[9-14] 


Xic 




x^r 


ie> 


•^2 


[9-15] 


9*3. Basic Elements and Definitions. In any vibrating system there 
are only three kinds of members, namely: springs or elasticities, m.asscs or 
inertia, and damping devices or viscous friction. These members are 
represented s(4iemati(^ally as shown in Table 9-2. 

The following are sevi'.ral new terms and expressions which will be 
used in succeeding pages. Tcrmitials are those points on a member in 
the vibrating system where forces arc applied. Thus, in Table 9-2, 
points a and h represent terminals. A spring and a dainper both havii 
two terminals becausci two eipial and opposite forces must be applied 
to maintain e(|uilibrium. A mass has only one because the inertia force 
requires no physical terminal. To indicate that there is a reactive or 
inertia force depending on the absolute motion, the symbol for a fixed 
point or fixed Uu-mimd is added. Whenever one end of a spring or 
damper is fixed, the iiKmiber is said to be grounded. Mass(‘s are always 
groundeKl, that is, have one fixed ttirminal, bei'.ause the inertia force 
(hqiends on the absolute motion of the mass. The terminals also deter- 
mine the displacements f velocities, and accelerations of one end of a spring 
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TABLE 9-2 


Item 

Symbol 

Spring or shaft 


Dami)('r or friction 

— S-VVAAA/^-^ 

Miiss or disk 

F' 

]^\)rce or moment 


Fixed i)omt 

-Hi' 


or damper relative to the other end. These relative displacements, 
velocities, and accelerations of the terminals are said to be across the 
members. Since a force acting on one terminal of a spring or damper 
is balanced by an eqwdl and opposite force on the other terminal, the 
force is said to act through the member. 

When masses or individual points in the system are dealt with, 
only the absolute motion is of interest because it determines the absolute 
force on the mass or point. The inertia force on the mass reciuires no 
physical terminal. We say, therefore, that the force acts on th(i point or 
mass and that the point or mass has a displacement, velocity, and ac- 
celeration. 

Analogous expressions are used for moments acting through shafts 
and dampers and for moments acting on points and inertia disks. Rela- 
tive angular motion is said to oc(;ur across shafts and dampers. 

Elastic members are assumed to follow Hooke\s law so that the dis- 
placement of one terminal a of the spring relative to the other terminal 
b is proportional to the,for(;e applied to it. This statement is shortened 
by saying that the displac.ement across the spring is proportional to the 
force acting through it. Dampers such as dash pots resist movement 
with a force proportional to the velocity of one terminal a of the damper 
relative to the other terminal 6. This may be restated to read: The 
velocity across a damper is proportional to the force acting through the 
damper. For the mass the statement is somewhat different. Newton’s 
law states that the acceleration is proportional to the force applied to 
the mass. Here the acceleration is an absolute quantity measured rela- 
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tive to a fixed point. It is then said that the acceleration of a mass is 
proportional to the force acting on the mass. 

9*4. Mobility. In the previous analyses based on differential equa- 
tions, a force analysis is made whi(^h is essentially a measure of the 
difficulty or inability of tlie system to move because of the inertia force. 
The mobility method is in effect just the opposite for it gives a measure 
of the mobility or ease of motion. It is defined as the velocity amplitude 
divided by the force amplitude. For any member it is then equal to 
the vc'locity across the member divided by the force through the member, 
and may be expressed in ecpiation form as 


l\)€ 






_ 


iiOi-di) 


or in the torsional systc'in 


z = 


12()C 


iBl 


To 




F 

n 

T 


[9- 16a] 


[9 -166] 


The ease of motion is given by the absolute value of Vo/Fo or i1o/To, 
whereas the angle represents the phase angle by which the velocity leads 
the forc-e or moment vector. A negative value means that it lags. The 
mobility of any point in the system is likewise the ratio of the velocity 
arnplitudci of the point to th(‘ force amplitud(‘, acting on the point. 

Springs, ilampers, and masses all reipiire forces to produce velocities 
across their terminals, h^ach, therefore, has an effect upon the wholes 
system. ITis total effect is easily determiiK'd ])y combining th(' effects 
of the individual memlxn's. These effects are incest easily described by 
the individual mobility because each can b(‘ cn aluated in terms of the 
physical characterist ics and the frequency of vibration. 

In springs the displacement amplitude in terms of the force and spring 
constant is 

F 

k 


The \^(docity amplitude ])y differentiating is 

F 

V = io)X — io3 — 

k 


When this value is substituted in equation 9- IGa, the mobility becomes 
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This shows that weak springs represented by small k values are much 
easier to move than stiff er ones. It can be shown that all imaginary 
terms indicate that energy oscillates in and out of the member without 
loss. Therefore, any energy put into a pure spring can be recovered 
again. 

For dampers, the fundamental assumption that velocity is propor- 
tional to the force gives the velocity as 

F 

V — — 

r 

so that the mobility is 

V F 
^ ~F~^ rF 

Large values of damping will naturally reduce the movability of the 
system. This mobility is a real number and as such it indicates that 
energy is dissipated when there is action. This loss cannot be recovered 
again. 

For a mass the force is 

W 

F = ma = - - a 

y 

where the acceleration from Table 9*1 is 

a = io)V 


[9-18] 


so that the velocity becomes 

_ a F 
io) io)ni 

The mobility, therefore, is 



F Fio)m imi 


Large masses give large inertia forces and lower mobility as would be 
expected. This expression too is imaginary so that it indicates that 
kinetic energy is alternately stored in the mass and then released. 

For torsional systems an equivalent mobility may be evaluated for the 
disks, shafts, and dampers. The resulting terms are listed in Table 9*3 
along with the linear values. 

These mobilities when combined properly give the mobility of the 
whole system. Member in a vibrating system can be connected in one 
of two ways, series or parallel combinations. A force may be applied to 
one end of a spring which is attached at the other to a mass, as shown in 
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TABLE 9-3 

Mobilities fob Individual Members 


Member 

Mobility 

1 

Linear System 


Spring 

ioj 

~k 

Damper 

1 


T 

Mass 



iiom ioj W 

Torsional System 

io) 

Shaft 

h 

Damper 

1 


rt 

Inertia diKsk 

1 




Fig. 9 •2a. The force apfilied to the spring must pass through the spring 
to the mass. Thus we say that the members are in series. The velocity 
at the point h where the force is applied to the system is equal to the 



(a) 


Fig. 9 -2. 


velocity of the mass plus the velocity change across the spring. The 
mobility of the terminal where the force is applied is 


Vb Va + Vba V, 




Fb Fb 


Vba Va Vba 

+ — = — + — = Za + Zba 
Fb Ft, Fa I' ba 


This example shows that when members are acted on by the same 
force and when the total velocity across the members is equal to the sum 
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of the individual velocities, the members are in series and the mobility 
across the members is equal to the sum of the individual mobilities. 
This can be expressed by the general equation 

2 = Zi+Z2-i [9'20] 

It is thus twice as easy to move two identical springs in series as it is to 
move one alone. 

Another combination is shown in Fig. 9* 3a, where the force is acting 



Fig. 9 -3. 



on the mass and the spring is fastened to the fixed frame. The forces at 
the mass as shown in Fig. 9-36 are the spring force, the inertia force of 
the mass, and the applied force. The applied force relative to the frame 
is equal to the sum of the other two. I'he velocity across the spring and 
the velocity of the mass are the same as the velocity of the point d in the 
system where the force acts. The mobility of a point on the mass where 
the force is applied is therefore 

Vd Vd 1 1 1 

F Fa + Feb ^ ^ ^ 2 -I- _L 

Vd. Vd Va Vcb Za Zeb 

This example shows that when the relative velocity is the same across 
several members and the force through the members is the sum of the 
individual forces, the members are in parallel and the mobility can be 
determined by the relation 


111 ^ ^ 
1 h • * • H 

Zi Z2 Zn 

This equation shows that it is half as easy to move two identical 
springs in parallel as it is to move one alone. The solution to systems 
of parallel members is facilitated by drawing the diagram in Fig. 9-36 
in a little different form, wherein the applied force is opposed by all the 
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other forces, as shown in Fig. 9 -Sc. Here the parallel arrangement 
becomes more obvious. 

9 * 5. Schematic Diagrams. Mechanical systems in vibration are much 
easier to analyze when a schematic diagram is drawn first. Very simple 



Fia. 9-4. 


but fundamental diagrams were included in the section above. More 
complex systems may l.)e drawn up using the same principles and rules. 
The basics rule is to have th(‘ applied fore.e opposed to all other for( 5 (\s 
in the system. It is convenient to have th(i harmonic for(;e fixed or 
grounded on the left side of iho. diagram. The other members depend- 



(a) (h) 

Fia. 9 *5. 


ing on absolute motion are grounded to the right. Each member must 
maintain the same position in the diagram that it has in the actual 
system. Therefore, in Fig. 9 -Sc the spring and the mass are both 
grounded to the right while the force is grounded to the left. Each 
member is very distinctly set off from every other member even when 
the terminals are really fastened together. This is necessary when com- 
bining mobilities. The easiest way to learn how to draw diagrams is 
to follow the examples shown in Figs. 9*4 to 9-12. Figure 9*9 repre- 
sents a reduced equivalent system such as is discussed in Chap- 
ter VI. 
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T 



(&) 

Fig. 9 -9. 







kt2 

(h) 


Fig. 9 - 11. 



9-6. Calculation of Mobilities. When the schematic diagram is com- 
plete it becomes rather evident which members are in series and which 
are in parallel. The first rule in finding mobilities is to proceed from 
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the right end toward the impressed force. Thus from Fig. 9 -Sc we may 
write that the mobility at point a is 

1 

Za — 

to)m 

The mobility across cb is the same as the mobility of c, which is 



The mobility of d is determined from the two mobilities in parallel. It 
is therefore 

1 1 1 

_ ■ 

1111 . k 

1 1 icum “I 

Za Zb 1 ioi icx) 


io)m k 

-—1- [9-22] 

k 

mo) 

0 ) 


The presence of i indicates that no energy is dissii)ated. Now if the 
force is known the velocity may be determined directly from the defini- 
tion of the mobility of a point so that 

Vd = Fzd 

Thus, with the velocity known, the displacement and the acceleration 
may be determined by converting according to tlu', interrelations existing 
among the displacement, velocity, and acceleration as listed in Table 
9 1. This simplifies the analysis of the motion of any point in the sys- 
tem. Resonance curves, such as are shown in Fig. 3 • 14, may be found 
by substituting a series of values for w. The point of maximum ampli- 
tude gives the resonant speed. Another way of finding the resonant 
speed when there is no damping is to recognize the fact that the system 
is infinitely mobile at this speed. That is, theoretically it should take 
no force to maintain the motion. Thus, with infinite mobility the 
denominator of the expression for the mobility should be zero. This 
gives 

k 

mco = 0 

0 ) 
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which is the expression for the natural frequency derived in Chap- 
ter II. 

When the support is moved as in Fig. 9*2 the analysis follows a similar 
method. The mobility of point b where the force is applied is equal to 
the sum of the mobilities of the spring and the mass because they are 
acting in series. Therefore the mobility of h is given as 

. 1 io) _ 

^ba = T b “7” [9*23] 

toiffi k 


The velocity of point h can be found from the definition of the mobility. 
This is 


\k (Jim/ 


[9-24] 


We are more interested in the motion of a because it is a point on the 
mass. Therefore, it is ne(‘-(?ssary to work back. The velocity at a is 
determined from the fundamental definition of mobility, which gives 

t’a = FaZa = [9*25] 

i(jim 


Since the force Fa must e(|ual F^, the resulting motion of a is easily 
obtained. To obtain a general expression for the resonant frequency it 
is necessary to express the velocity of a in temis of the velocity of b 
because it depends on it. This may be done by expressing Fa in terms* of 
Fi, as determined from equation 9-24. Substituting this in ecpiation 
9 • 25, we have 



At resonance the velocity Va should theoretically approac^h infinity, 
which means that for any finite value of Vb the denominator must be 
zero. This expression when set equal to zero is 

oPm 

1 = 0 

k 



This, too, is the expression for frequency previously given in Chapter 
II. These two examples show that in order to solve a free vibration 
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problem it is necessary to supply a force and then determine the condi- 
tions that will produce infinite mobility or velocity. 

A two-mass system with damping as shown in Fig. 9- 7a will be used 
to illustrate the solution of a more complex system. When damping is 
included it is usually easier to use specific numerical values for A:, m, r, F, 
and CO. General solutions may become involved. The values for the 
system are 

ki ~ 20 Ib/in. 
k 2 = 50 Ib/in. 

7*1 = 2.5 Ib-sec/in. 
r 2 = 1.25 Ib-sec/in. 
mi = 19.3 lb = 0.05 Ib-sec^/in. 
m 2 = 30.9 lb = 0.08 Ib-sec^/in. 

Fo = 7 lb at 1760 rpm or 184 radians/sec 
applied to mass 2 


The diagram is shown in Fig. 9*75. The mobilities of the various 
points may now be calculated. Again the work must proceed toward 
the impressed force. 


zco 



1 


2c = 


ri 


im 

20 

1 

is " 


== 9.2i 


0.4 


—i —i 
Zmi "" 184(00^ 


->0.1097 


Each of these three members acts relative to the ground so that the 
mobility of point c is 

1 

2c 0.0281 - 0.10227 

11^ 1 

^ ai -o.io9t 

id 184 

Zfc = — = — i = 3.68i 
k 50 

2/ = 2/e + 2e = 3.68i - 0.1022* + 0.0281 = 3.58* + 0.0281 
1 
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—i -i 


= -0.068* 


2n = 


1 


0.0281 + 3.58* 

= 0.0G92e’^~®®°> 


1 

+ — + 


1 


= 0.006 - 0.069* 


0.8 -0.068* 


With the mobility and force known, the velocity may be calculated. 
Vn = ZnFo = (0.006 - 0.06907 = 0.042 - 0.483i 

= 0.484c*'^”®^°^ - 0.484 \ 85° 


This indicates that the maximum velocity of miuss 2 is 0.484 in. /sec 
and that the velocity lags the force by 85°. The symbol \ is used to 
indicate negative angles, and the symbol Z positive angles. This 
analysis may be carried back through the system and the motion of all 
other parts may be determined. 


Vf = Vn 


Ff 


Vf 0.042 ~ 0.483/ 
Zf ~ 0.0281 + 3.58^ 


-0.135 - 0.0128/ 


= 0.136 \ 174.7° 


The amplitude of the force at / then equals 0.136 lb and lags the 
impressed force by 174.7°. Now then 

= F,Ze = FfZe = (-0.135 - 0.0128/) (0.0281 - 0.1022/) 

= 0.0051 + 0.0134/ = 0.0143 Z 69.2° 

and 

Vb = Vc Vd = Vc 

The amplitudes may be obtained from the fundamental relationship 


V Vh Vd 

a: = — = ™ or -- 

ioi /a> /w 

The displacements are 90° behind and are given as 


0.484 \ 85° 

a ;2 == = 0.00263 \ 175° in. 

184/ 

0.0143 Z 69.2° 

= 0.000078 \ 20.8° in. 


Xi = 


184 / 
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The mobility method works equally well for torsional vibration prob- 
lems. The application to a torsional system is precisely the same as for 
a linear vibration. A three-mass system, as in Fig. 9- 9a, would be 
represented by a schematic diagram as shown in Fig. 9 • 96. 

The mobility of the points may now be determined. 


Zb = Zba 

1 


Zd = 


1 1 

Z Za Zba 


Ze = Zed + 


] 


1 1 
+ 


Zc Za “f" Zba 

1 


— 


1 

- + 


1 


Zed "f" 


1 1 
+ 


Zc Zba Za 

1 


iojli -|- 


1 


+ 


10)12 r 


io) ^ 1 

kt2 io)I^ 


Notice that this equation is a continuous repeating fraction. The 
solution to this is rather long but direct. Using values for a specific 
problem proves to be easier than the solution for a general expression. 
The solution may be simplified in this case by reducing the i so that the 
preceding equation becomes 

—i 


wli — 

CO 1 


hi , 1 

C0i2 

CO 1 

ki 2 C0/3 
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This equation becomes 


z 


[9-26] 

This is the general solution to the eH]uation for three masses in torsional 
vibration without damping. Th(‘. critical speeds may be obtained by 
setting the denominator ecjual to zero. This expression can be recognized 
as the eciuation usually given for a three-mass system. (See equation 
4-23.) 

When more than three masses are considered, the solution becomes 
more complicated. The solution of these systems can be obtained by 
using the results of an analysis based on the mobility method. For a 
free torsional system, the equation is 


hhh 


J 4 hh Jh+h , , ,1 

<jy co*^ I 1 ) 1 


/ A/3 + hh hh + /2/3 \ ^ ^ ^ ^ ■ 

V kt‘2 / 



where n is the number of masses. This may be reduced to a numerator 
and denominator. If the denominator is set oqxml to zero, the equation 
may be solved for the values of o) to get the critical speeds in radians per 
second. 

9*7. Branched Torsional System. The solution of branched systems 
by trial and error methods is involved. For the simpler forms of branched 
systems it may be advantageous to set up a general solution for calculat- 
ing the natural freciuencies, particularly if the system is often used. The 
mobility method provides a means which involves only algebraic opera- 
tions. The reduced system shown in Fig. 9 • 12a, which represents a sim- 
'ple branched propeller drive, will be analyzed to obtain a general solu- 
tion for the critical speeds and then for amplitudes at one particular 
frequency. 
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After the mobility diagram, Fig. 9*126, is drawn, an expression for 
the mobility at terminal n may be written as 


1 


Zfi — 


1 

- + 


1 


Zgf + 


1 


1 1 1 

1 1 

^ba “b ^dc 4“ 


This can be reduced to a single fraction, which is 

Zh(Zgf + Ze)(Zha + Za){Zdc + Zc) + ZgfZe(Zdc + + Z^a + Za) 

Zn = 

(2'g/ + Ze + Zh) (Zba + Za) {Zdc + ^c) + Ze{Zg/ + Zh) {Zdc + Zc+Zba + Za) 

The denominator of this equation may be set equal to zero in order to 
get the condition for the natural frequencies of the system. Thus, the 
equation for the natural frequencies is 

+ Ze + Zh)(Zba + Za){Zdc + Zc) + Z^Z^f + Zk){Zdc + Zc + Zb ^ Za) = 0 

[9*28] 


The values of the individual mobilities must be substituted to get 
the equation in terms of the physical quantities of the system and the 
frequency. The values of the individual mobilities are 


1 

tCi) 

iitsl 1 

1 

11 

1 

io) 

iojLz 

Zdc = — 
• kt2 

1 

io3 


11 

1 





These values may be substituted in equation 9 • 28, and the whole reduced 
to 

+ [ - — — {II + ^ 3 ) + •; — T” (^2 + ^ 3 ) + - — — ih + ^ 4 )! 

LtCt2kt3 Ictlkts fCtl^t2 j ' 

hih + h + h) ^ h{h + /3 + /4) ^ hih + /2 + /3) 

kti kt2 ktz 

/ 1+/2 + / 3 +/ 4 -O [9*29] 
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This is a cubic equation in which can be readily solved when the 
numerical values of I and /c are introduced. 

If the behavior of the whole system is desired at any particular fre- 
quency, considerably less algebraic manipulation is involved provided 
the numerical values are introduced at the start. To illustrate the 
procedure let us assume a system wherein 

I\ — 2000 Ib-in.-sec^ 

I 2 — 3000 Ib-in.-sec^ 

73-1000 Ib-in.-sec^ 

74 = 4000 Ib-in.-sec^ 

kt\ — 600,000 lb-in. /radian 

kt 2 = 800,000 lb-in. /radian 

/Ci 3 = 500,000 Ib-in./radian 

To - 1000 lb-in. 

(jo — 23 radians/sec (220 rpm) 


From these values the mobilities of the members in the system may be 
obtained. They are 


2a = 


2 c = 


2c - 


Zh = 


2fca — 


Zdc — 




1 

f(23)2000 

1 

^3)3000 

1 

i(23)lo6o 

1 

^)looo 

600,000 

800,000 

*•(23) 

500,000 ” 


= -0.0000218* 

= -0.0000145* 

= -0.0000435* 

= -0.00001087* 

0.0000383* 

0.0000288* 

0.0000460* 
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Zd = 0.0000288Z - 0.0000145^• = 0.0000143i 
Zb = 0.0000383t - 0.0000218Z = 0.0000165i 


1 


Zf = 


10 ® 10 ® 

+ 


1.43* 1.65* 


10 ® 

4.35* 


0.0000093* 


2. = 0.0000093* + 0.0000460* = 0.0000553* 


1 


10 ® 


10 ® 


= -0.0000135* 


5.53* 1.087* 


From the fundamental relation z — 0./T, the angular velocity ifs 
fin = ZnTn = -0.0000135*'(1000) = -0.013.5* 

— llg 


Since the mobility and angular v'clocity of g are known, th(> torque on 

IS 

fig -0.0135* 

Tg = — = = -244 

2g 0.0000553* 

7’/= T’. 

= zjTf = 0.0000093j-(-244) = -0.00227* 


“• fi{* “■ fig ““ fi^ 

Ob -0.00227* 
Zb 0.0000165* 


-137.5 = Ta 


Od -0.00227* 
Zd ~ 0.0000143* 


-159 = T, 


Og -0.00227* 

T = — = ————— = 52 5 
* 2g -0.0000435* 


It is of interest to note that 

n + Td + n = -244 


as it should for this torque has been divided between the masses, 
torque on at h is 





-0.0135* 

= 1244 

-0.00001007* 


The 
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This checks also because 

1000 

The angular velocities at the masses may be determined from the 
mobility. 

= ZaTa = -0.000021 8t( ~ 137.5) = 0.003^ 

= ZcT,^ = -0.00001452'(~159) = 0.0023^ 

He = ZeTe == -0.0000435z(52.2) - -0.00227f 
Hh == -0.01 35f 

The angular displacements may be determined from the angular 
velocity and the relation 

0 0 
iio i23 

The rasults are 

da = 0.00013 radian 
6c = 0.00010 radian 


Be = —0.000099 radian 
Oh = —0.0000587 radian 

These values are all for a disturbing tonpu' of 1000 ll)-in. The angular 
displacement or velocity for any other torque is obtained by direct 
proportion. 

9*8. Determination of Stresses. The preceding sections gave a 
method of determining the forces or torques acting through any member 
in a vibrating system. When these values are known it is a simple 
matter to solve for the stresses in these same m(*mbers. In the example 
of the previous section the torque on the shaft with a torsional spring 
constant of 800,000 lb-in. /radian was 149 lb in. The shear stress due to 
the vibration would be given by the equation 

IGT, 


where Sg = torsional shear stress due to vibration in pounds per square 
inch 

= torque on shaft due to vibration in pound-inches 
d = diameter of the actual shaft in inches 


Since this is only the vibrational stress it must be added to the torsional 
stress resulting from the load. 
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In order to make a complete analysis of a system, it is necessary to 
take into account the nature of the disturbing force or moment. This 
requires an harmonic analysis of the disturbing force or moment to find 
which component frequencies have sufficient magnitude to cause serious 
vibration. Frequencies near the natural frequency or which are simple 
fractions or multiples of the natural frecpiency are generally most 
dangerous. 


PROBLEMS 

9«1. (a) Draw the mobility diagram for the system shown in Fig. P9-1. 



(6) Determine the mobilities for the system, and from them find the velocity and 
amplitude of the mass. 

9*2. (a) Draw the mobility diagram for the two-disk and two-shaft system shown 
in Fig. P9 -2. 

(6) Determine the equation for the natural frequencies for this system. 




kt2 

Fia. P9-2. 



Fig. P9-3. 


9 * 3 . (a) Draw the mobility diagram for the three-disk system shown in Fig. P9*3. 
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(6) Draw the mobility diagram for the saiiu^ system exctjpt that then* is damping 
only between the disks. 

9*4. Find the eciuation for th(‘ natural frequc'iieies of a four-disk and thn'e-shafl 
system with no dam})ing. 

9*6. J^'ind the ecjuation for tin; natural frinpitmcy of a two-disk and one-shaft sys- 
tem using the mobility method. 

9*6. In j)robl(5m 4-3 the first disk /i is acted ui)on by an harmonic torque of 
2000 Ib-in. at a rat,e of 180 cycles/min. What, is the amplitude' of displacement for 
each disk? What is the stress due* to vibration in earrh shaft? 

9-7. An harmonic torque of 2000 lb-in. acts on the c(‘nt(T disk of })rol)lem 4-3 at 
a rat(‘ fo 180 cycles/min. 

(a) S(d up the mobility diagram for this system. 

(h) Determine th(‘ amplitudes of displaeamient for the tliien' disks. 

(c) De^tcrrnine the* vibrational stres.ses in the' two shafts. 

9*8. In f)roblem 4*0 assumes that an harmonie' torque ejf 1800 Ib-in. at a freque'iie'y 
of 2600 cycles/min acts on the' crank. 

(a) What are the amplitudeis of motion due* to the vibration? 

(b) What is the vibration stress in the sOh'I shaft betwee'ii the e*rank and the 
propelle'r? It has a 3-in. outside diame'te'r and a 24-in. insieie diameter. 

9*9. (a) Draw the mobility diagram fen* the system slH)wn in Fig. P9‘9. 

(h) Dete'rmine the' me)bility e)f mass 1 whtm F = 2 lb and m = 10 cycles/sec. 

(c) Determine' the' amplitude of mass 1. 



Wi=10 lb 
1^2 = 3 lb 
ki^lb Ib/in, 
A: 2~20 Ib/in. 
r = 0.4 Ib- 
sec/in. 



Fig. P9-9. 


Fig. P9-10. 


9 ‘10. (a) Draw the me)V)ility eliagram for the .sysUnn .shown in Fig. P9-10. 

(6) Find the equation from which the* natural fre'que'ue'le's may be determined, 
(c) find the amplitude's e)f the masses. 
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MECHANICAL AND ELECTRICAL MODELS OF 
VIBRATION SYSTEMS 

10*1, Introduction. The direct mathematical solution of many engi- 
neering problems is freciuently so complicated that a direct or mathe- 
matical answer cannot be obtaiiu^d. If experimental methods are to be 
applied, the scope of the results can freciuently l)e increased through the 
use of dimensional analysis. There is, in addition to the dimensional 
analysis approach, the very important ficdds of analogies and models 
which may be drawn upon for the solution of many problems. ^ 3 , 54,55 
The fact that many diffc'rent physicail phenomena can be represented by 
similar or e(iui\'alent equations may permit the results found in one 
field of science to be applic^d or used in some other field. In some fields 
of science, expc'rimental work can be (‘arried out corn'eniently and 
economically; in othcu's, experimental work may be difficailt or impos- 
sible. This general discussion will consider’, first, dimensional analysis 
and its application to mechanical models and, second, tlu^ possible uses 
of electrical models for the solution of some types of mechanicnl vibra- 
tion problems. 

10 • 2. Dimensional Analysis. One method frequcmtly used in the anal- 
ysis of dat a and in the design of models of meclianic'al systems is dimen- 
sional analysis. Dimensional analysis employs the principle that any 
equation representing physical phenomena must be dimensionally homo- 
geneous. This methexi of analysis is useful if some knowledge of the 
problem being solved is available. It is not satisfactory to start out with 
a long list of possible quantities which might enter into the problem and 
expect results of any value. Bridgeman says in his book: ^‘The man 

applying dimensional analysis is not to ask himself ^On what quantities 
does the result depend?’ for this question gets nowhere and is not per- 
tinent. Instead we are to imagine ourselves as writing out the ecpiations 
of motion with sufficient detail to be able to enunnn-ate the elements 
which enter them.” 

The procedure in the application of the method of dimensional anal- 
ysis is, first, to list the various fundamental physical factors or dimen- 
sions which enter into the problem as determined from the equations of 

198 



DIMENSIONAL ANALYSIS 


199 


motion of the system under consideration. The fundamental dimensions 
of ea(^h of these are then set down. The tt theorem, as developed by 
J^uckingham, is that, if the number of independent factors is n and 
the number of fundamental dimensions involved is p, there will be 
(n — p) dimensionless parameters, or tt functions, involved in the solu- 
tion of the problem.®^ In the general analysis of vibration problems the 
units generally employed are force in pounds F, length in inches L, 
and time in seconds T. 

For the problem at hand the quantities that may reasona})ly affect 
the results can l)e determined by examining the differential equations 
of the simpler problems. These and their fundamental units are 


IT FT^ 

]\I ass— tn = — 

<J L 

F 

Spring constant — k 


Damping (constant — r - 

Natural fre(|uency — 

F orc.ed f recpiency — v — 
Force — F — F 


FT 

T 

1 

~T 

1 

T 


Displacement — .r — L 

It will be noted that, the term mass has been introduced in place of 
W /(}. This simplifies the handling of dimensional analysis and will be 
used in this chapb^r. The time might be considered, but it does not 
seem necessary because the motion is periodic. Thus the time is really 
the reciprocal of th(^ freciuency and need not be included. The length 
of spring or any other physical dimension of the system. does not enter 
in because the spring constant, mass, and damping constant would in- 
clude any effe(*ts a length would have on the sysbun. 

Tlui terms involve throe fundamental units, F, and L. The num- 
ber of TT functions that may be determined is the number of factors (7) 
minus the number of fundamental units (3), or (4) tt functions. The 
procedure in the application of the tt theorem of Buckingham is to select 
from among the variables listed three which contain all three of the 
fundamental dimensions among them. These are set down, with one 
of each of the other variables in turn written after them. Each of them 
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will, upon further analysis, yield a dimensionless quantity. The form 
of this quantity is determined by solving for the powers of each quantity 
affecting the problem. This is done by setting the sum of the exponents 
of each fundamental unit equal to zero and then solving simultaneously 
for each exponent. If a, and c are arbitrary powers to be assigned to 
the three quantities already selected, then the dimensional equations 
(^an be written as 


TTi = ~ 


7r2 = = 


Ts = m^x^'o)^p = 


7 r 4 = m^x^oi^'F = 



The sum of the exponents for each of the fundamental units must be 
zero. Therefore for tti 

a + 1 = 0 (Powers of force, F) 

2a — c = 0 (Powers of time, T) 

— a + 6 — 1 = 0 (Powers of length, L) 

When these equations arc solved simultaneously the values of the 
exponents are 

a = —1 
6 = 0 
c= -2 


so that the first dimensionless function, tti, is 

k kg 


[ 10 . 1 ] 


The remaining functions may be evaluated in a like manner to obtain 


r rg 

rruo Wq) 


[ 10 - 2 ] 


V 

TTa = — 


[10-3] 
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F ^ Fg 
mxij? Wx(J^ 


[10-4] 


If fewer quantities were assumed at the beginning, either fewer dimen- 
sionless funetions would be found or else it would be impossible to 
evaluate them. This is particularly true if x is omitted. 

10*3. Mechanical Models. Models of vibrating systems may be made 
just as easily as in some other fields of engineering, such as fluid me- 
chanics and stress analysis. It is necessary to retain certain dimension- 
less quantities just as in any other model making. Two alternatives in 
determining these dimensionless terms are available. The first is to 
apply the methods of dimensional analysis. The more definite but less 
well-known method is changing variables in the differential equations. 

When the differential equations of motion of a system can be written, 
dimensionless constants that fix the characteristics of the system may 
be determined directly from the equation by putting the equation in 
dimensionless form. This can be accomplished mathematically by 
(banging to dimensionless variables. Equation 10 • 5, representing a sim- 
ple forced vibration system of one dc^gree of freedom, will be used to 
illustrate the method of changing variabk^s. 

dx 

1 _ = P yi [ 10 * 5 ] 

de dt 


If a change of variable is made using 


and 



T ^ 0)1 


where L is some characteristic length and w is some angular velocity in 
radians per second. A\Tien the two dimensionless terms X and T are 
differentiated, the results are 

dx - LdX 


so that 



dT 


dt 

= — 



0) 


dx 


dX 

— 

= Lo) 


dt 


dT 


This first derivative may be differentiated again with respect to t so that 

d^x d^X /o)di\ , d^X 

— = Lw ( ) =- Lo)^ r 

df dtdTXdT/ dT^ 
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When these derivatives are substituted in the original equation the 
result is 


d^X 

mljur — -+■ tIm 

dT^ 


dX 

dT 


vT 

+ kLX = F sin — 
01 


[ 10 - 6 ] 


Or, if it is rearranged, 


d^X 

r 

dX 

' k " 

9 

— 

h 


dT~ 

.71103. 

dT 



- f - 


1 — 


sin 


jnLo3^ . 


. 03 } 


T 


[10.7] 


Now, since A" and T are dimensionless, their derivatives are dimen- 
sionless. This makes each term in equation 10*7 dimensionless. From 
this it follows that r/mo;, F/mLco^, and v/o) are all dimensionless 

characteristics for a forced vibration problem, and all are identical with 
equations 10*1, 10 -2, 10 *3, and 10-4 when L = x. The first two terms 
determine the physical characteristics of the system whether it is forced 
or free vibration. The last two terms are used only for forced vibration 
because F and v disappear in free vibration. 

When a model for a mechanical system with more than one mass is 
to be made, it is necessary to change variables in all the equations. 
Then each equation will yield a set of dimensionless constants that must 
be maintained. These constants will be of the fonn of any or all the pre- 
vious constants. 

To build a model of a mechanical vibrating system it is necessary 
only for the dimensionless constants for the model to equal the respec- 
tive constants for the prototype. If it is desired to determine the natural 
frequency, only the first two constants listed need be considered. When 
more qualitative measurements are desired, however, it will be neces- 
sary to consider all the tenns. It should be noted that these dimen- 
sionless terms can take many different forms, depending upon which 
coefficient in equation 10-6 is used as the divisor. The form which 
should be used will depend to a great extent upon the problem. If 
F were used as a divisor so that all the dimensionless terms included 
F, the form would be of no value for free vibrations. 
The form given by equation 10-7 is usually the most 
useful. 

10 *4. Equations for Electric Circuits. Differential 
equations may be written for electric circuits just as 
for mechanical systems. Several simple cases which 
will be used later are set up in the succeeding pages. 

If a capacitor with a capacitance C and a coil with an inductance L 
are connected in a series circuit, as shown in Fig. 10 - 1, Kirchhoff^s laws 
may be used to write the equation for the electromotive force. The emf 
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. , . I ^ dl d^Q 

for the inductance is given by L ~ or L — ^ where I is the current and 

dt dr 

1 r 1 

Q is the charge. The ernf for the capacitor is I Idt or ~ Q. From 

C C 

Kirchhoff^s law, then, the sum of the potentials must be zero so that we 
may write 

d^Q 1 

L + -0 - 0 [10-8] 

dec 

This e(|uation of motion for the electrics circuit is seen to V)c of the same 

form as that for a freely vibrating mechanical system 

with no damping. R 

If now^ some resistance is iiK^luded in series with I VWW' [ 
the capacitor and the indindance, as indicated in — Lf' 

Fig. 10 *2, a potential drop IR must be added in the 

equation so that the ecpiation for the circuit becomes — 1 00000 j — 




[10-9] 


Fig. 10 - 2 . 


because I = dQ/dt, This equation may be recognized as being similar in 
form to that for free vibration of mechanical system with damping. 
When an alternating current is impressed upon the circuit, as repre- 
sen ted by Fig. 10*3, the impressed voltage E sin 

must be added to the circuit. The equation then for 

r. eI a forced electric circuit is 


d^Q dQ 1 

L - — — -f- R 1 — Q = E sin <j>t 

de dt C 


[ 10 - 10 ] 


^ Idiis too may be recognized as the counterpart of the 

forced mechanical vibrating system. 

10-5. Models of an Electric Circuit. Models may be made for an 
electric circuit just as for a mechani(‘al system. The differential equa- 
tion may be used again to give the dimensionless constants by changing 
variables. If M is a charge and 0 is a frequency, the variables 


T = 

and their derivatives may be substituted in equation 10 -10 to give 

[Ri <^9 , r 1 1 r E 1 . m 


dq fll fET r<i)' 

+ —n q = ; sin - T 

LfiJ dT LCLSi^J LlM^U LfiJ 


[ 10 - 11 ] 
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Since q and T and their derivatives are dimensionless, the remaining 
temas are also dimensionless. Thus for a model it is necessary that 
R/LO, 1/CLO^, E/LMQ^, and 0/0 for the actual circuit be equal to the 
same terms for the original electric circuit. 

A two-mesh circuit may be treated the same way; that is, each 
equation may be made dimensionless by changing variables. Then 
more dimensionless numbers are obtained and must be maintained for 
models. 

10*6. Analogy between Mechanical and Electric Systems. Through- 
out the preceding sections it was noted that the electric and mechani- 
cal systems can have the same form in their differential equations. If 
equations 10-5 and 10-10 are written together, the analogy is more 
noticeable. Thus 


cPx dx 

m — + r kx = F sin vt 

[10-5] 

de dt 

d‘^Q dQ 1 

L — ~ + R - + ■ - Q = E sin 4>t 

[10-10] 

de dt C 


Mathematically both equations have the same solution; the dimen- 
sions, however, are entirely different. From the equations above we 
see that 

Xj the displacement, corresponds to Q, the charge 

dx dQ 

— , the velocity, corresponds to — , the current 
dt dt 


, the acceleration, corresponds to 


d^Q 


w 

— = m, the mass, corresponds to L, the indu(;tance 
9 

r, the damping factor, corresponds to R, the resistance 

1 

ky the spring constant, corresponds to - , the reciprocal 

C 

of the capacitance 


F, the force, corresponds to E, the voltage 

Vj the mechanical forced frequency, corresponds to 0, the 
electric forced frequency 


This correspondence is maintained in the equations of any mechanical 
system and the equations of the analogous electric circuit. 
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It is necessary to maintain a consistent set of units in both the mechan- 
ical and the electrical equations. In the mechanical system the units 
that are most commonly used are inches, pounds, and seconds; in the 
electric; system they arc volts, amperes, and seconds. The damping 
factor is then pound-seconds per inch, whereas the resistance is volts 
per ampere. The mass is given in t(;rms of pound (seconds)^ per inch, 
whereas the inductance is given in henrys because a henry may be 
defined in terms of volts, amperes, and seconds. The spring constant is 
given as pounds per inch of deflection. The value of the capacitance is 
given in farads, a term which depends upon the voltage and current. 
lYll quantities and their units are summarized in Table 10*1. 


TABLE 10.1 

Mcchaiii(^al System 


Electric System 


7n 

I 

k 

kt 

r 

rt 

F 

T 

X 

0 

dx 

dt 

do 

dt 

V 

V 

cPx 

di^ 

df 


Mass — lb-sec^/iii . 

Moment of inertia — lb-in.-sec“ 

Spring (constant — Ib/in. 

Spring coiLstai 1 1 — 1 1 )-in . / rad ian 

Damping constant — ^lb-sec /in. 
Damping constant — lb-in. -sec/radian 

Force — lb 
Torque — lb-in. 

Displacement -in. 

Angle — radian 

Velocity — in. /sec 

Angular velocity — radians/sec 

Forced frequency — radians/sec 
Forced frequency — radians/sec 

A cceleration — in . / sec^ 

Angular acceleration — radians/ sec^ 



Inductance — henrys 


Reciprocal of capacitance — farads 


Resistance — ohms 


Voltage — volts 


Charge — coulombs 


Current — amperes 


Forced frequency — radians/sec 
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10*7. Electrical Model of Mechanical Vibrating System. In previouH 
sections we have seen how the equations of both systems are mathe- 
matically the same. This also holds for the dimensionless quantities 

R 


r 

mw 

k 

F 

rnLu)^ 

V 

03 


1 


CLiF 

E 

LMO" 

0 


Since both equations are the same, the solutions are the same. For 
free vibrations without damping or resistance, the solutions are 


lie 

X = Xi) sin \ “ t 

^ m 

Q = Qofiin 


where the natural freejueneies are 


03n 


If ^ 


radians/sec 


4= V, 


m 

r 

CL 


radians/sec 


For free vibration with damping or resistance the solution can be 


X = e ^ gin 




Q s= ^ 2L 


where A and B are constants. Here the damped resonant frequency is 


^nd 






radians/ see 


I radians/sec 



ELECTRICAL MODE!. OF MECHANICAL VIBRATING SYSTEM 207 


For forced vibrations in the steady state the solutions are 

^ F sin vi 

y/ {k — mv^y^ + 


Q = 



E sin 4>t 

- 


The frequencies of motion are the same as that of the forced frequenc 3 ^ 

This close analogy indicates that an electrical circuit will react the 
same as a mechani(‘al system. That is, it will reach a point of resonance 
at some frecpiency and the charge Q will leach a magnitude dependent 
upon the impressed force. Furtliennorc, it shows that by making the 
dimensionless constants of both systems equal it is possibki to choose 
elec^trical units, and by suitable measurements determine the resonant 
mechanical frequency or the points of maximum arnplitudcj. Likewise 
with further measurements it is ))ossible to determine quantitatively 
a(‘lual movements in the mechanical system. 

Since the n^sonant or natural frequency is d(‘])end(mt only upon the 
free vibrating systemi oi’ ciivuit, the force or voltage and the impressed 
frequency cannot afh'ct it. This means only that the first two dimen- 
sionless quantities must bo equal. That is, 

_k 

j’ R 

moo L12 

To d(‘termine such a model it is best to start out assuming that oo is 
some fraction or multiple of 0. Then, if all the mechanical teiins are 
known there are still three variables in the electrical constants. Oik* 
k^rm may be chosen arbitrarily, but this fixes the remaining two. By 
trial and error suitable values may be arrived at. When more quanti- 
tative measurements are desired tlie remaining constants must also be 
equal. These are 

F _ E 

■“ LMO^ . 

V ( j ) 

0 ) 
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Since w and occair in all constants, it would seem reasonable to assume 
that they represent the natual frequency, although in forced vibration 
they might also represent the impressed freciuency. Actually it makes 
little difference except that the frequencies of the two systems must 
maintain a definite ratio between them. After this ratio is assumed and 
the system is established, as in the case of free vibration, the voltage 
may be determined. 

10 *8. Measuring Analogous Quantities. The charge across a capac- 
itor, the current through a resistance, and tlie rate of change in (airrent 
through the inductance coil are all proportional i,o tht^ drop in voltage 
across their respective terminals. Since the charge corresponds to the 
displacement, the voltage across the cai)acitor indicates the displace- 
ment in the equivalent system. The voltage across the resistance indi- 
cates the velocity in the e(|uivalent system, and the voltage across 
the inductance coil iiidic^ates the acc(^leration. Any one measurement 
may be made, depending upon what quantity is desired. All others may 
be obtained from this measurement by dividing or multiplying by the 
proper function of the frequem^y. Measureimnit on the capacitor or 
coil is usually limited to one value of the capacitor or coil. Wliethcr or 
not they may l)e used satisfactorily for measiirement dc^pends upon the 
sensitivity of the instruments used. The resistance can be 
varied considerably without affeiding the frequency measure- 
ments. 

10-9. Method of Laying Out Equivalent Electric Circuits. 

In laying out eciuivalent electric circuits several generalities 
may be useil to simplify the work. In a mc^chanical system, 
such as is shown in Fig. 10*4, the forces on the mass may be 
said to act in parallel relative to the frame. That is, the 
sjiring force depends upon the motion of the mass relative 
to the frame, the daniiiing force depiaids upon the velocity 
of the mass relative to the frame, and the inertia force de- 
pends upon the acceleration of the mass relative to the 
frame. The forces, therefore, must be added when they act in parallel. 
The reverse also is true; that is, a force acts in series when it is trans- 



mitted through an element to 
another element. When the 
forces are in parallel, the elec- 
tric elements in the equivalent 
system are put in series. F orces 
in series are represented by elec- 
tric elements in parallel. These 



Fio. 10-6. 


principles may be followed in the examples used previously or in the 


equivalent circuits shown in Figs. 10 *5 to 10- 10. 
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10*10. Application to Single-Mass System. The single-mass system 
with damping can be represented scliematically, as shown by Fig. 10 -4. 
14ie electrical model can be applied to this type of problem to obtain 
the natural frequency and also the relative amplitude of motion. The 
use of the method can best be shown by an example. Assume that the 
mechanical system shown in Fig. 10*4 has a weight of 10 lb suspended 
from a spring having a k value of 563 Ib/in. The damping will be varied 
to study the effect of damping on the amplitude of motion. The criti(*al 
damping of the system is 


r. - 2 


llm /5 

V- = 2V- 


563(10) 


= 7.65 lb-sec /in. 


The behavior of the system with r/vc values of 0.03, 0.05, 0.10, 0.20, 
0.30, and 0.50 is desired. For a value of 0.03 the mechanical resistance 
is r = 0.03(7.65) = 0.229 Ib-sec/in. 

In order to have equivalent systems it is necessary for the correspond- 
ing dimensionless quantities to be equal. The first sets to be satisfied are 


and 


V <i> 

(a 12 


k _ 1 

mo)^ CL12^ 


If we assume that the electric frequencies are to be one hundred 
times the mechanical frequencies, the first relation is satisfied. The 
second equation reduces to 

563(386) 1 

' ^ CL(100w)2 

In order to obtain values of C and L, a value for one of them must be 
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assumed. If a value of L = 23 millihenrys is used, the value of C can 
l^e found to be 


C 


10 

5 ^( 386 ) 0 . 0 ^ 100 )^ 


- O.2(lO“'0 


= 0.2 microfarad 


The amount of dampirifi; required must be determined from the other 
relation 

rg R 
W~co Ul 


for 


or 


R = 


Lrj7 0 

I T cii 


r 

- = 0.03 

Tc P 


r = 0.229 Ib-sec/in. 


0.023(0.229)386(100) 

10 


20.4 ohms 


'The electrical resistance for any other value of damping is in direct 
proportion to the damping constant. For a value of r/rc — 

0.10, R = 68 ohms. *When an impressed alternating volt- 
age is applied to the electric circuit it oscillates in the same 
manner as the equivalent mechanical system. Its behavior 
is most easily studied by finding the magnitude of the cur- 
rent flowing. This can be readily determined by measuring 
the voltage drop across a fixed resistance in the circuit. 

The current is then proportional to the velocity in the me- 
chanical system. The relative displacement can be found 
by dividing the velocity by the frequency. This corre- 
sponds to using the methods developed in the previous 
chapter on mobility. The results with different amounts of 
damping are shown in Fig. 10*12, which gives a plot of rela- 
tive velocity against frequency. Figure 10*13 shows the 
corresponding relative displacements with various damp- 
ing. We see that the results correspond to those previously 
obtained from a theoretical solution. (See Fig. 3*10.) 

The natural frecpiency can also be obtained from such a model. The 
frequency values plotted in Figs. 10*12 and 10 *13 are one one-hundredth 
of the values obtained from the electric circuit. The natural frequency 



Fig. 10*11. 
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shown in these figures is 23 cycles/sec, whereas the value calculated is 
23.4 cycles/sec. 

10 ‘11. Application to Multi-Mass Systems. Figure 10*14 shows the 
results of an analysis made on a three-mass system using the ecjuivalent 



Fig. 10* 14. 


system shown in Fig. 10 * 11. The values Uvsed where Wi = 29 lb, W 2 = 
57 lb, IF3 = 5() lb, /ci = 90.5, /v2 = 181, and h •= 181 Ib/in. The cor- 
responding electrical (luantities were found as in the previous section. 
The ratio between meehanicail and electric frequencies was taken as 



1 to 1000. The corresponding electrical values areLi = 41.5, L2 = 81.7, 
L3 = 80.2 millihenrys, Ci = 0.2, C2 = 0.01, C3 = 0.01 microfarad. In 
this case only the natural frequenices were of interest so that the rela- 
tive damping constants did not have to be determined. The calculated 
frequencies of the mechanical system are indicated as wi, C02, and 0 ) 3 . 
The agreement between calculated and measured values is good. 
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One advantage of the electrical model is that it makes it easy to deter- 
mine what might l)e done to change a particular natural frequency so 
that it does not lie in the range of operating speeds. All that is neces- 
sary to determine the effect of Jiny other mass or elasticity in the mechan- 
ical system is to change the corresponding electrical quantity and deter- 
mine the new resonant frequency. If a variable frequency oscillator is 
used to give the impressed voltage, it takes only a few seconds to find 
out how a given change will affect the frequency or the relative ampli- 
tude. For example, Fig. 10-15 shows how doubling all the masses affects 
the natural freciuency and relative amplitude of the system. The cal- 
culated freciuencies are again indicated on the lower scale. The exten- 
sion of this method offers many possibilities in the solution of multi-mass 
systems. 

10*12. Experimental Equipment. The principles of the electrical ana- 
log may be demonstrated with very readily available eciuipment. Gen- 
eral laboratory instruments may be used to make a good analysis. The 
inductances can be nxade of magnet wire wound on wooden spools. 
These values are fixed and can be wound and calibrated on a bridge such 
as the General Radio Company type 650A. An alternative is to check 
the resonant frequency with known capacitors. Winding must be done 
if very low resistance inductances are needed. Fixed inductors can also 
be purchased but their resistance tends to be high. If more work is 
contemplated it is desirable to purchase variable inductors. These can 
be purchased for a nominal amount in a decade of (jontinuously variable 
type and have the advantage of having a good calibration. 

Fixed capacitors can be bought at any radio supply store at a very 
low price. It is necessary to calibrate each capacitor as their accuracy 
is poor. A bridge may be used, or the resonant frequency can be checked 
with known inductances. Several capacitors may be combined to give 
intermediate values. Continuously variable and decade capacitors are 
also available at a reasonable price. These are calibrated with fairly 
good accuracy. Fixed resistors can also be bought in a radio supply 
store. Decades or rheostats can be used to secure a variable resistance. 
The resistance of the inductors must be allowed for in designing any 
damping. 

Several good audio oscillators are now available. It is desirable to 
have a unit which retains its (calibration for long times and one that 
has a frequency range from about 20 to 100,000 cycles/sec. A smaller 
range can be used if care is exercised in keeping within this frequency 
range. 

It is necessary to connect the oscillator into the test circuit without 
the oscillator becoming an effective part of the circuit. One way to do 
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this is to use a high quality high ratio stepdown transformer between 
the oscillator and the circuit. This usually adds an extra rcwsonant con- 
dition which can be designed to fall beyond the range of the test circuit 
resonant points and is therefore no problem. Another method is to use 
a resistor as shown in Fig. 10 16. This effectively isolates the ascillator 
from the test circuit and still produces a voltage variation in the cir- 
cuit. The variable resistor is adjusted to prevent overloading and dis- 


A 



B 

Fig. 10 * 10 . 


tortion. An oscillograpn connected across AB may be used to check the 
setting to see that a constant undistorted voltage is applied throughout 
the frequency range used. For inaccurate work, the coupling device 
may be eliminated. 

After the circuit is hooked up with the oscillator, it is ready to test. 
Measurements may be made across any two points in the circuit to 
find resonant conditions as well as amplitudes, velocities, and accelcra- 



Fig. 10 * 17 . 


tions. Zero damping conditions arc impovssible because of the resistance 
inherent in any circuit. The measurements may be made most easily 
using a good electronic voltmeter having a frequency response as wide 
as the frequencies produced by the oscillator. This value may then lie 
compared with the voltage across the coupling resistor to get a ratio of 
forces if desired. An alternative method of measuring is to use an oscil- 
lograph. This gives a visual picture whose amplitude can be measured. 
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It should be pointed out that it is often neces>sary to measure at 
several points to detect all the frequencies. This is because of insensi- 
tivity of instruments, of the ncxlal conditions where measurements are 
being made, or of the character of the circuit which produces motion in 
one portion of the system and very little in another. Figure 10-17 
shows a typical setup using items mentioned in this section. Expensive 
calculating boards and analog installations are now also available for 
those who have frequent need for this type of eciuipment. 
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ANSWERS 


2 . 1 ./- 
2 ‘ 6 . / - 
2 -6. a = 

2 - 8 . k = 


201 cycles/min ; r = 0.00497 min 
248 cycles /min; v ~ 45.3 in. /sec 
10,500,000 lb/in.‘^; G == 12,000,000 Ib/in/ 
k ijk 'z + k^ ) 

/iCi -h k 2 4- 


2 * 10 . k = 


di\i2 


32 {(h'^L2 + d2^Li) 


215. / 

2-16. li 
2.17. / = 
2*18. /- 
2.19. / = 

2 22 . / - 


1 j2kga^ 

“ 2v \ 1^7.2' 


Q 

L 


== 39.1 in. 

= 2.21 cycl(ss/sec for water 
= 6500 cyclcs/rnin 
= 31.5 cycles/min 
1 

2 IT 



2-23. ki 
2.24. / = 


= 811 lf)/in.; k 2 — 203 lb/in.;/i — 1338 cyeles/min; /g 

^ I ■ 

27r 


2.25./ = 

2.27. / = 

2.28. / 

2*29. 

2.30. 

2.31. / = 

2.32. Ws 
2 33./ = 
2-34. / = 

2*36. / = 


(; + -) 

2w \ n 

60 / " 3^/ 

2^7^ \ lf(2A:L'^’ ■ 

I r 

■ \ 11' + 45-) 


+ 3A7) 


^1 

27r 

— 0.94 lb-in. -sec‘^ 
= 56.9 lb-in. -sec^ 


I 

\3iri + 21^2 


^2 

= 0.06 ir; Ws = 0.31 TF 
2820 (5ycles/min 
2230 cycles/min 

1 IW(R - a) 

2^ I w cycles/sec 



= 670 cycles/min 
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ANSWERS 


3*1. (a) r = l.U Ib-sec/in.; (h) fnd = 1.75 cycUvs/soc*; (r) =* 1.81 cycles/sec 

(d) 8 *= 1.64; (f) Tc «= 4.4 Ib-scuv'in.; if) jo ~ 0.388 in.; (g) F = 158.4 lb 

3*3. / = 1.81 cycles /sec; - 0.808; xw = 0.236 in. 

Xi 


3.4. _ = 0.05; r 

Tc 


0.833 lb-sec /in. 


3*6. fn = 3.42 cycles/sec; ^-2 = 0.395 in.; ^*4 ~ 0 in. 

3*7. fnd = 1.18 cycles/sec; 62 = 3.2" 

3*8. a: == 0.0269 in.; a* - 0.088 in.; a: - 0.00278 in. 

3*11. a: = -0.00107 in. 

3*12. X = 3.26 in. 

WL^ d^d , de 

3*13. -f ra^ , + kaS - 0 

g dr dt 

3*16. (a) fnd = 0.531 cycle/s('c; [h) fn ~ 0.532 cycle/sec; (r) 5 = 0.376; 

(d) Tc = 33.4; ie) 62 = 6.87" 

3*16. 6 — 0.0201 radian; Ss — 1110 Ib/in.- 
3*18. X = 1% in. 

3*19. A = 50,400 in. /sec/*’; j = 1.42 in. 


3-20. — = 0.224 

8st 

3*23- / = 1290 cycles/ inin; x — 0.0033 in. 
3*24. TO = 0.0008 in.; F = 0.470 lb 


4*1. / = 98 or 233 cycles /'min 
4*2. / = 373 or 170 *cycles/min 
f = 2790 and 1690 cycles/min 
4*4. / = 1360 cycles/min 
4*6. / = 2250 cycl<5s/min 
4-6. / = 7420 and 2970 cycles/min 
4*14. / = 12,700 cycles/min; / = 35,500 cycles/min 
4*16./ = 165 cycles/min 
4*16. / = 205 cycles/min 
4*17. Compare with 4.18. 

4*18. / = 277 cycles/min; / = 878 cycles/min; / = 1230 cycles/min 

4*19. / = 325 cycles/min 

4*20. / = 92 cycles/min 

4*21. / = 265 or 390 or 420 cycl(*s/min 


4*22. / = 




To 




^0 cos 



6*1. = 17.45 Ib/in.; T.R. = 0.0102 

6*2. T.R. = 22.2%; k = 10,000 Ib/in. 

6*3. k ^ 2360 Ib/in. 

6 * 6 . = 2.44 in.; Isolation = 87.5% 

6*7. T.R. = 10.5%; T.R. = 11.1% 

6*8. k = 189 Ib/in. for 100 rpm; T.R. = 19.06%; T.R. = 12.5%; T.R. = 4.17% 

6*9. SAE F-6 84 sq in. total 

6*10. T.R. = 226%; T.R. = 12.8% 
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6*1. / »= 25.4 cycles /s(‘c 

6-2. / = 1450 or 3020 cyclcs/niin 

6*4. / = 1600 or 2810 cycles/min 

6*6. / = 550 (ycles/rain; / ~ 22,300 (ry(*lf*s/rnin 

6*6. / = 22,300 cycl(‘s/miri 

6-7. / === 7390 cycles /mill 

$• 8 . / = 2390 cycles/min; / = 10,500 cycles/min 

6- 9. (Se(‘6-8) 

7*1. / — 698 cycles/min 
7*2. / = 909 cyrl(‘s/min 
7*3. / == 2600 cycles/min 
7*4. / = 2650 cycles/miii 
7*5. / = 960 <*ycles/min 

7- 9. Wi, = 0.465W" 

7*12. / = 5.73 cycles/sec 
7*16. / = 980 (yckis/min 

8- 2. db - 74.19 
8-4. dh = 76.6 
8 * 6 . db - 5.71 
8*7. db = 61.6 
8 * 10 . db = 28.8 
8*11. db = 32.4 
8*13. s = 890 sabins 
8*14. Area = 5250 ft 


9*1. If = 3.54\27° - 35' in./sec; r = 0.094\117° - 35' in. 
9*2, ~~ '\~ H) 4“ == 0 


I. 0 ) 03 — CO [ 

L ktikt^kv^ \ 

, . /(/l + /o -f /a). 

+ “■( A. 3 


kt'ika kt\kt^ kt\kt2 ^ 


^ -f h) ^ (h - f /;i -f h)h\ 

kti kt'i kii > 


— (I I 1 2 A- h 


9*6. / = 


1 jkiii/ 1 4 " I 2 ) 

2t \ “/i T ir 


9*6. 0/ — —0.0683 radian; dc — —0.687 radian; 6a = *-0.0690 radian; 

Ss “ 880 psi and 670 psi 

9*7. ^ ~ —0.0685 radian; & — —0.0690 radian; 6 — —0.0688 radian; 

= 404 Ib/iii.^; = 665 lb/in.“ 

9*8. 6f = —0.0000315 radian; 6a — 0.00028 radian; 6c = —0.000122 radian; 
Ss — 610 ib/in.- 


9*9. 2 = 0.668 - 0.937i; x - 0.0366\144.5^ in. 

9*10. oj'^ — ( — {k2 + kz) H (ki + ^^ 2 ) J + kik2 + W'a kikz — 0; 

9 9 \ 9 9 / 

xi == 0.0775 in.; = 0.0268 in. 
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Absorbers, damped, 103 
periduliim-type, 101 
undamj)ed dynamic, 100 
Absorption, 153 
sound, 167 

Acoustic absorption, 153 
Ambientr l(;vcl, 155 
Amplit-ude, 3 

Analogy bot,w(HUi (ih'ctrical and mcchan- 
icuil systems, 204 
Answers, 221 
Aperiodic motion, 5 
Attenuation, 155 
Auxiliary equation, 11 

Beams, beam and weight sysfiiin, 26, 127 
bejarn with nonuniform section, 134 
beam with uniform section, 127, 141 
distributed wcaght, 141 
elastic support, 147 
energy method, 131 
general solution, 137 
Iliiyleigh mtdliod, 128 
spring constant for cantilever, 22 
Beats, 33 
Bibliography, 217 

Branched torsional system, 121, 191 

Complex notation, 174 
Connecting rod, 111 
Cork, 95 

Coulomb damping, definition, 49 
natural frequency for, 50 
solution for, 49 
Couplings, effect, 116 
Crankshafts, 114 
Critical damping, 44 
Critical speed, definition, 3 
graphical determination, 134 

Damped vibrations, coulomb, 49 
general discussion, 41 
velocity, 41 

Damping, constant, 49 


Damping, coulomb, 49 
critic^al, 44 
definition, 41 
internal, 41 
velocity or viscous, 42 
small, 57 

Decibtd, d(;fmition, 151 
Degree of freedom, 7 
Differential equat ions, alt ernate solution, 
12 

complete solution, 15 
evaluation of arbitrary constants, 13 
forced vibrati»)n, with damping, 52 
without damping, 30 
free vibration, with damping, 42 
without damping, 8 
particular intc^gral, 31 
several degr(‘.es of freedom, 60 
DimeUvsional analysis, 198 
Disk and shaft problems, forced vibra- 
tion, 62 

Ilolzer tabulation method, 73 
multi-mass equivalent systems, 109 
one degrcH^ of freedom, 22 
three-disk- two-shaft jiroblem, 68 
two degrees of freedom, 66 
Displacement, forced vibration, with 
damping, 54 
without damping, 32 
free vibration wdth damping, 44 
relative motion of weight and suf)port, 
61 

Distributed mass, (;omi(i(‘ting rod, 111 
effect, of shaft inertia, 29 
of spring weight, 30 
Dynamic absorber, 100 
Dynamics, 6 

IClastic suspensions, 86 
Electric circuits, 202 
Electrical models, 203, 206 
Energy method, beam and weight sys- 
tem, 26, 131 

effect of distributed mass, 29, 141 
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Energy method, geimral nudhod, 16 
several weights on beam-Rayleigh 
method, 128 

Equations of motion, single degree of 
freedom, with damping, 42, 52 
without damping, 8, 30 
Equivalent circuits, 208 
Equivalent systems, beams, 115 
calculation, 117 
chain, 114 
coupling, 116 

crank and conno(‘ting rod, 1 1 1 
equivalent btdt, 1 1 4 
equivalent crankshaft, 114 
equivalent elastic systtmi, 1 13 
equivalent inertia systems, 1 10 
equivalent shaft, 113 
equivalent weight systems, 110 
flywheel, 110 
general discussion, 109 

Felt, 96 

Forced vibrations, definition, 3 
general theory, 30, 52 
with damping, 52 
without damping, 30 
Foundation vibration, 9 1 
Free vibration, with damping, definition, 
41 

general theory, 42 
without damping, 8, 19 

beam and weight system, 26 
disk-shaft system, 22 
general case, 28 
pendulum, 20 

spring and weight .syst<*m, 8 
spring-moimted machine, 26 
torsional method for pendulum, 24 
U tulw, 19 

Frequency, definition, 3 
forced, 30 
natural, 3 
analysis, 162 

Geared systems. 111, 114 
Graphical solution, 134 
Gravity effects, 18 

Harmonic motion, 2, 5 
Harmonics, 5 


Holzer method, 73 
Hysteresis looi^, 

Instruments, 103 
Internal friction, 41 
Isolation, 86 

Kinematics, 6 
Kinetic energy, 17 

Linear vibrations, 8 
Logarithmic^ decremcait, 46 
Loudness, 153 

Magnification factor, 55, 58 
Measuring analogous quantiti(\s, 208 
Mechanical models, 201 
Mobility, application, 181 
basic elcnnents, 177 
calculation, 185 
definition, 5, 179 

gcmeral discussion of mcdhod, 174 
schematic diagrams, 183 
valuers for individual mc’inlH'rs, 181 
Model of electric circuits, 203 

Natural frequency, 3 

Pendulum absorbc'rs, 101 
simple, 20 

torsional methods for, 24 
Pc'riod, 3 

Periodic motion, 2 
Phase angle, 4 
Plates, vibration, 147 
Potential energy, 17 

Rayleigh method, 128 
Relative motion, 61 
Resonance, 3 
Rxwerbt^ration, 153 
Rotating vectors, 5 
Rubber, 94 

Sabin, 153 

Shaft, distributed inertia, 20 
spring constant for, 22 
stresses in, 15, 195 

Signs of terms in differential equations, 9 
Simple harmonic motion, 2 
Sound, general discussion, 151 
absorption, 167 
cliaracter, 155 



INDEX 


Sound, instruments, 158 
noise measurement, 158 
noise sources, 163 
sound intensity, ]51 
transmission, 166 
velocity, 155 
Sound power output, 1 GO 
Soundproofing;, 1 ()4 
design, 169 

Spring constant, d(‘finiti()n, 8, 21 
value, for cantil(‘V(T beam, 22 
for helical spring, 22 
for shaft , 22 

S})ring and weight system, elTeet of grav- 
ity on, 18 

forced vibrations, 30, 52 
three-mjiss-t-wo-spring problem, 72 
t wo-inass-two-spring problem, 71 
witli motion of support, 59 
without gravity efY(‘cts, 8 
Springs, commercial types of susp(‘nsion, 
92 

efftict of distributed mass, 30 
parallel, 28 
series, 28 

spring constant for ludical springs, 21 
Statics, 5 

Steady state conditions, 3 
Stresses due io vibration, 15, 195 
Support, efifect of non-rigid, 91 
Suspensions, commercial t ypes, 92 
cork, 95 
felt, 96 

general characleristii;s, 98 
metal springs, 92 
rublx^r, 94 
Symbols, 6 
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Tabulation mtjthod, for linear systems, 80 
for torsional systtuns, 72 
Holzer method, 72, 80 
Tachometc^r, 27 

Torsional vibratioii, effect of shaft mass, 
29 

multi-disk, 66 
singki disk, 22 

spririg-mount(;d machine, 20 
tabulation iiK'-ihod, 72 
three disk, 68 
t wo disk, 66 
Transient conditions, 3 
Transmissibility, dtdinition, 87 
with damping, 90 
without damping, 87, 89 
Transmission, sound, 166 

U tube, 19 
Units, 6 

Vectors, complex notation, 174 
definition of rotating v(;ctors, 5 
equivalent vector method, 2, 5 
equivakmt vector motion, 1 6 
Velocity damping, 41 
Vibration, damped, 41 
damp€?d absorbers, 103 
definition, 2 
forced, 3, 30, 52 
fre(', 8, 42 
general cas(‘, 28 
isolation and abs()ri)tion, 86 
undamped, 7 
undamped absorbers, 1(X) 

Vibration instruments, 103 
Viscous damping, 41, 42 





